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Abstract
The emergent gravity paradigm interprets gravitational field equations as describing the ther-
modynamic limit of the underlying statistical mechanics of microscopic degrees of freedom of the
spacetime. The connection is established by attributing a heat density Ts to the null surfaces
where T is the appropriate Davies-Unruh temperature and s is the entropy density. The field
equations can be obtained from a thermodynamic variational principle which extremises the total
heat density of all null surfaces. The explicit form of s determines the nature of the theory. We
explore the consequences of this paradigm for an arbitrary null surface and highlight the thermody-
namic significance of various geometrical quantities. In particular, we show that: (a) A conserved
current, associated with the time development vector in a natural fashion, has direct thermody-
namic interpretation in all Lanczos-Lovelock models of gravity. (b) One can generalize the notion
of gravitational momentum, introduced in arXiv 1506.03814 to all Lanczos-Lovelock models of
gravity such that the conservation of the total momentum leads to the relevant field equations. (c)
The thermodynamic variational principle which leads to the field equations of gravity can also be
expressed in terms of the gravitational momentum in all Lanczos-Lovelock models. (d) Three dif-
ferent projections of gravitational momentum related to an arbitrary null surface in the spacetime
lead to three different equations, all of which have thermodynamic interpretation. The first one
reduces to a Navier-Stokes equation for the transverse drift velocity. The second can be written
as a thermodynamic identity TdS = dE + PdV . The third describes the time evolution of the
null surface in terms of suitably defined surface and bulk degrees of freedom. The implications are
discussed.
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1 Introduction
The dynamical evolution of a fluid or a gas can be studied without any direct reference to the fact that
they are made of microscopic degrees of freedom, viz., atoms and molecules. Such a description was
known for centuries before physicists realized that matter is made of discrete entities. But the existence
of the microscopic degrees of freedom had always left a clear signature even at the macroscopic scales
in the form of the heat content of matter. While even the cave men knew the distinction between a
hot body and a cold one, the real nature of heat was not well understood until Boltzmann pointed
out that the heat content of matter is a direct evidence for the existence of the microscopic degrees of
freedom. Boltzmann essentially said: “If you can heat it, it must have microstructure”. In other words,
the microscopic degrees of freedom make their presence felt even at the macroscopic scales (in the form
of heat) and the correct (thermodynamic) description had taken this into account phenomenologically
in terms of temperature etc., even before Boltzmann explained to us what it really is. The key new
element in thermodynamics which is absent in, say, the Newtonian mechanics of point particles, is the
heat content TS of the matter, which is the difference (F −E) between the free energy and the internal
energy of the system. In terms of densities, for systems with zero chemical potential which we will be
interested in, the heat density is Ts = P + ρ where s is the entropy density, ρ is the energy density and
P is pressure.
Over the decades, it has been realized that spacetimes — through the existence of the null surfaces
which act as horizons to certain class of observers — also possess the heat density Ts [1–8]. This
connection between thermodynamics and spacetime dynamics forms the core of the emergent gravity
paradigm [9–16]. This paradigm rests on the results obtained over the last decade or so which suggest
that the field equations of gravity, in a large class of theories, have the same status as the equations
describing, say, a fluid or an elastic solid. That is, gravity emerges in the thermodynamic limit of the
statistical mechanics of the atoms of spacetime [17–20]. The heat density of spacetime is an evidence for
the existence of the atoms of spacetime just as the heat density of matter was successfully interpreted
by Boltzmann as evidence for the atomic structure of matter. There is considerable amount of evidence
which suggests that this is indeed a useful and correct point of view to pursue [21, 22].
The development of emergent gravity paradigm has helped us to understand several interesting
features of classical gravity itself [23], further bolstering our confidence in the veracity of this approach.
In particular, the following results are of specific interest to the current work.
1. The first one has to do with the curious relationship between Einstein’s field equations and the
structure of null surfaces in the spacetime. Previous works have shown that they manifest in
three different ways:
• In the most general situation, there arises an identification between Navier-Stokes equation
and Einstein’s equation. Einstein’s equations, when projected on an arbitrary null surface, in
any spacetime, leads to Navier-Stokes equation of fluid dynamics [24, 25]. (This generalizes
the previously known results for black hole horizons [26, 27].)
• From the Einstein equations applied to a null surface, one can get [15, 28–31] a thermo-
dynamic identity of the form TδλS = δλE + PδλV in which the symbols have their usual
meanings and the variation can be interpreted as changes due to virtual displacement of
the null surface along null geodesics parametrized by the affine parameter λ off the sur-
face. Initially proved for a few configurations with a high level of symmetry [31, 32] this
result has now been generalized for arbitrary null surfaces in both general relativity and
Lanczos-Lovelock theories of gravity [33, 34].
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• A comparatively more approximate relationship between the null surfaces and Einstein’s
equation emerged from the early work [35], which ‘derived’ Einstein’s field equations using
the local Rindler horizon as a null surface and the Clausius relation. This relies heavily on
the structure of Raychaudhuri equation as well as the assumptions: (a) the entropy density
is one quarter of the transverse area and, more importantly, (b) the quadratic terms in the
Raychaudhuri equation (involving the squares of shear and expansion) can be set to zero.
Since neither the Raychaudhuri equation nor the assumption that entropy is proportional to
the horizon area hold for theories more general than Einstein’s gravity, this approach could
not be generalized in a simple manner to more general class of theories.
2. The second result pertains to the derivation of gravitational field equations from a thermody-
namic variational principle [14, 16]. It turns out that maximizing the sum of gravitational heat
density and matter heat density, associated with every null surface in the spacetime, leads to the
appropriate gravitational field equations. This derivation of the field equations is consistent with
the emergent gravity paradigm and is much more general than the other approaches (like, for
example, [35]) used in the literature to obtain the same. Not only does the approach has a high
level of logical simplicity, it also generalizes smoothly to all Lanczos-Lovelock models.
In this paper, we shall revisit these issues and elaborate further on them using another recent develop-
ment, which was also motivated by the emergent gravity paradigm. This was the introduction of the
notion of the momentum attributed to the spacetime by a class of observers, proposed in [19,36]. This
proposal was in the context of Einstein’s theory. But, since virtually every result of emergent gravity
paradigm could be generalized in a meaningful way to Lanczos-Lovelock models, we would expect the
notion of gravitational momentum to possess a similar generalization. We will show that this is indeed
the case.
Further, it seems reasonable to expect that: (a) The appropriate projections of the gravitational
momentum must allow us to obtain the above results — describing Einstein’s equations in a thermody-
namic language — in a straightforward manner. (b) The thermodynamic variational principle should
have a simple representation in terms of the gravitational momentum.
We will see that these expectations are also borne out. Our analysis will also highlight the thermo-
dynamic significance of several variables which were originally considered purely geometrical.
To achieve these goals, we will use two different foliations of the spacetime. The first one is the
standard (1+3) foliation in terms of space-like hypersurfaces determined by constant values of a suitable
time function t(x). The second is a coordinate system which is adapted to a fiducial null surface. This
adaptation is closely related to the notion of a local Rindler horizon [35] and will prove to be quite
useful in illustrating the relationship between field equations and the null surface thermodynamics. We
will see that the Noether current, gravitational momentum and related constructs, associated with the
time evolution vector field in the two foliations allow us to obtain the results mentioned above.
The paper is organized as follows: In Section 2 we introduce the Noether current, gravitational
momentum and a closely related entity which we call the reduced gravitational momentum in gen-
eral relativity and Lanczos-Lovelock gravity. The next section deals with the two coordinate systems,
one associated with the (1+3) foliation of the spacetime and the other being the Gaussian null co-
ordinates adapted to an arbitrary null surface. In Section 4 we discuss the Noether current and the
associated thermodynamic results for both the (1+3) foliation and the Gaussian null coordinates. The
thermodynamic interpretation of the reduced gravitational momentum is given in Section 5 and the
thermodynamic variational principle for null surfaces is presented in Section 6. The final section, i.e.,
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Section 7 discusses the three different projections of the gravitational momentum vis-a-vis a null surface
and their thermodynamic interpretation. We end the paper with a short discussion on our results.
We will set c, ~ and 16πG to be unity for most part of our discussion. (Sometimes, when we switch
to G = 1 units, it will be mentioned specifically.) Thus Einstein’s field equations in this notation takes
the form 2Gab = Tab. The Latin letters, a, b, c, . . . runs over all the spacetime indices, the Greek letters,
µ, ν, α, . . . runs over all the spatial indices and the upper case Latin letters, A,B,C, . . . runs over the
co-dimension two surface.
2 Noether Current and the Gravitational Momentum
Given an arbitrary vector field va in the spacetime, one can define three other geometrical objects
which depend on it and have direct thermodynamic significance under certain circumstances. The first
is a conserved current, Ja[v] which can be introduced without invoking any symmetry or invariance
principle. (This happens to be the usual Noether current; but the usual way of deriving it using
diffeomorphism invariance of Hilbert action is misleading since it suggests, Ja[v] has something to do
with action and gravitational dynamics. It has nothing to do with either and its conservation is a
trivial algebraic identity.) The second is the gravitational momentum associated with a vector field
P a[v] which was introduced in Ref. [36]. The third is a closely related vector (that appears in the
definitions of both Ja and P a) which we will call the reduced gravitational momentum Pa. Each of
these vector fields, associated with a given vector field va, can be defined for both Einstein’s gravity as
well as for Lanczos-Lovelock models. We will now introduce these vector fields.
2.1 Noether current
Given an arbitrary vector field va, we can immediately construct a conserved current Ja = ∇bJab from
the antisymmetric 2-tensor Jab = ∇avb−∇bva. (The normalization of this current is arbitrary; we have
chosen it so as to make the later results transparent and simple. To match the conventional description,
the left hand side should be multiplied by 16πG which we have set to unity.) This construction does
not require any mention of diffeomorphism invariance or action principles and is completely devoid of
any dynamical content at this stage. Elementary algebra now leads to the expression:
√−g Ja(v) = √−g[∇b
(∇avb −∇bva)] = 2√−g Rabvb + f bc£vNabc (1)
where we have defined
fab =
√−ggab; N cab = −Γcab +
1
2
(
δcaΓ
d
db + δ
c
bΓ
d
ad
)
(2)
These variables contain the same amount of information as the metric and the connection but has more
direct thermodynamic interpretation; see ref. [21]. These expressions are generally covariant because
the Lie derivative of the connection £vΓ
c
ab, given by
£vΓ
a
bc = ∇b∇cva +Racmbvm (3)
is generally covariant, making £vN
c
ab a generally covariant object.
There is a natural generalization of this current which can be introduced as follows. We begin by
noting that the Jab and Ja can be expressed in an equivalent form as
Jab = 2P
cd
ab∇cvd; Ja = 2P cdab∇b∇cvd; P cdab ≡ (1/2)(δcaδdb − δdaδbc) (4)
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where P abcd is a tensor (which we will call the entropy tensor for reasons which will become clear later
on) called determinant tensor. This tensor gives us the Ricci scalar from the curvature tensor:
R =
1
2
(δac δ
b
d − δadδcb)Rcdab = P abcdRcdab (5)
which shows if we take R = F (Rabcd, gik) to be a function of the (2,2) Riemann tensor R
ab
cd and the
metric tensor gik, then it is actually independent of the metric tensor. That is, treating R
ab
cd and gab
to be algebraically independent we can also define P abcd tensor through the following relations:
P abcd =
(
∂R
∂Rcdab
)
gik
;
(
∂R
∂gab
)
Rab
cd
= 0; ∇aP abcd = 0. (6)
Clearly, P abcd has the symmetries of the curvature tensor and is divergence-free in all the indices.
An obvious generalization of this tensor can be obtained by replacing R by some other arbitrary
function F (Rabcd, δ
p
q ) constructed out of R
ab
cd and Kronecker delta function, and then define P
ab
cd in an
analogous manner. That is, we define P abcd by the relations
P abcd =
(
∂F
∂Rcdab
)
gik
;
(
∂F
∂gab
)
Rab
cd
= 0; ∇aP abcd = 0. (7)
This requires finding the most general scalar function F (Rabcd, δ
p
q ) for which the condition ∇aP abcd = 0
in Eq. (7) is identically satisfied. This problem can be completely solved [37–39]. It turns out that the
most general function which satisfies this criterion can be expressed as the sum:
F =
∑
m
cmFm (8)
where cms are constants and Fm is given by
Fm =
1
2m
δaba2b2...ambmcdc2d2...cmdmR
cd
abR
c2d2
a2b2
. . . Rcmdmambm (9)
where δaba2b2...ambmcdc2d2...cmdm is the completely antisymmetric m-dimensional determinant tensor. The scalar F
is constructed out of Rabcd and the Kronecker delta function δ
c
d, without any metric gab present in it.
Then P abcd for the m-th term in the sum in Eq. (8) can be obtained directly using Eq. (7) and Eq. (9),
which leads to,
P abcd =
∂Fm
∂Rcdab
=
m
2m
δaba2b2...ambmcdc2d2...cmdmR
c2d2
a2b2
. . . Rcmdmambm ≡ mQabcd (10)
The mth order term Fm can be expressed as Fm = Q
ab
cdR
cd
ab; for m = 1, P
ab
cd and Q
ab
cd coincides.
Using the definition of P abcd from Eq. (10), in Eq. (4) leads to a natural generalization of Jab and
Ja which, as we shall see later, will be closely related to the Lanczos-Lovelock models of gravity. In
particular the Noether current in Eq. (4) now becomes
Ja(v) = 2P abcd∇b∇cvd = 2Rabvb + 2P qrap £vΓpqr (11)
where Rab is defined as: Rab ≡ P aijkRjkbi .
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The relationship between Jab and Ja has an obvious electromagnetic analogy which is useful in some
calculations to get an intuitive grasp of the results. Given any vector field va, we can always construct
the Noether potential Jab(v) in general relativity, which is exactly analogous to the construction of the
electromagnetic field tensor F ab starting from the vector potential Aj = vj (see Eq. (4)). The Noether
current Ja = ∇bJab bears the same relation to Jab as the electromagnetic current does to F ab. The
dual of the tensor Jab is J˜ab = ǫabcdJcd and the corresponding (magnetic) current
J˜a = ∇bJ˜ab = 2ǫabcd∇b∇cvd = ǫabcd (∇b∇cvd −∇c∇bvd) = −ǫabcdRibcdvi (12)
should vanish identically, because this is just electromagnetism in disguise. This is indeed true since
we have the identity,
ǫabcdRibcd =
1
3
ǫabcdRibcd +
1
3
ǫadbcRidbc +
1
3
ǫacdbRicdb
=
1
3
ǫabcd (Ribcd +Ridbc +Ricdb) = 0 (13)
Further, as in the case of electromagnetism, we can also define an “electric” field and a “magnetic”
field as measured by an observer with four-velocity ua as
Ea(v|u) = ubJab(v) = ub
(∇avb −∇bva) (14)
Ba(v|u) = 1
2
ǫabcdubJcd(v) = ǫ
abcdub∇cvd (15)
where Ea(v|u) stands for “electric” part of Jab[v] as measured by an observer with four-velocity ua.
Just as in electromagnetism, we have uaE
a(v|u) = 0 = uaBa(v|u) so that Ea, Ba are purely spatial.
The generalization of the electric field to Lanczos-Lovelock gravity is straightforward with P abcd of
general relativity being replaced by that of Lanczos-Lovelock model. This leads to the expression for
electric field given by:
Ea(v|u) = ubJab(v) = 2P abcdub∇cvd (16)
The situation with magnetic field is somewhat more complicated in d > 4 dimensions. The Jab has
d(d − 1)/2 components of which the electric vector Ea ≡ ubJab, (with the constraint uaEa = 0)
contains information about d− 1 components. The magnetic field contains the information about the
remaining (d − 1)(d − 2)/2 independent components which is greater than (d − 1) for d > 4. Since
in Lanczos-Lovelock gravity we are working in d dimensions (d > 4) there is no vector field that can
account for all the independent components of magnetic field. In d-dimensions the magnetic field is
given by completely antisymmetric (d − 3) rank tensor Bn1...nd−3(v|u) = ǫn1...nd−3abcuaJbc(v). Thus
total number of independent components is d−1Cd−3 = (d − 1)(d − 2)/2 as to be expected. Because
of this rather complicated structure we shall not discuss the magnetic field and shall concentrate on
electric field, which, fortunately, turns out to be adequate.
2.2 Gravitational momentum
The second structure we want to associate with an arbitrary vector field va is the gravitational four-
momentum density P a(v), defined — in the context of general relativity — as
P a(v) = −Rva − gij£vNaij (17)
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From Eq. (1) we can substitute for the Lie variation term in Eq. (17), which relates the gravitational
momentum and the Noether current as
Ja(v) = −P a(v) + 2Gabvb (18)
The physical meaning of the gravitational momentum can be understood from the following result.
(This was motivated and discussed in detail in [19, 36]. We will not repeat the motivation and logic
behind this definition here). Consider the special case in which va is the velocity of an arbitrary
observer, who will attribute to the matter, with energy momentum tensor Tab, the momentum density
Ma = −T ab vb. We would expect the total momentum associated with matter plus gravitation to be
conserved [36] in nature, for all observers. This condition requires:
0 = ∇a (P a +Ma) = ∇a
(−Ja + 2Gabvb − T ab vb)
= ∇a
(
2Gabv
b − T ab vb
)
= (2Gab − T ab )∇avb ≡ Sab∇avb (19)
where Sab ≡ (2Gab − T ab) is a symmetric tensor and in the last line we have used Bianchi identity
and the fact that Ja and T ab are conserved. The above relation should hold for any normalised time
like vector field va, which requires Sab = 0, i.e., Gab = 8πTab, which are the field equation for gravity.
(This result should be obvious from the fact that ∇avb can be chosen to be arbitrary at any event
even for normalised timelike vector fields. A more formal proof, suggested by S. Date, goes as follows:
Choose first va to be a normalized geodesic velocity field with vava = −1 and va∇avb = 0. Then the
most general Sab which satisfies Sab∇avb = 0 has the form Sab = α(Xavb +Xbva) + βvavb with two
arbitrary functions α and β and an arbitrary vector Xa which can be chosen without loss of generality
to be purely spatial, i.e, vaX
a = 0. Choose next the velocity field to be ua = −N∇at. Using the form
of Sab∇aub = 0 leads to α = β = 0. This immediately gives Sab = 0.)
We will now generalise the notion of the gravitational momentum in exact analogy with the way
we generalised the Noether current, by the relation:
P a(v) = −Rva − 2P qrap £vΓpqr (20)
where
mR = P abcdRcdab = δabRba (21)
Simple algebra gives the equivalent form:
P a(v) = −Ja(v) + 2Eab vb (22)
where Ja(v) is the Noether current defined in Eq. (4) and
Eab ≡ P aijkRjkbi −
1
2
δabR; mR ≡ P abcdRcdab (23)
It is possible to prove that Eab is symmetric [40] and that ∇aEab = 0. To demonstrate the latter, note
that the covariant derivative of Eab involves two parts,
∇a
(
P aijkRbijk
)
= P aijk∇aRjkbi = P aklm (−∇kRlmab −∇bRlmka)
= −∇k
(
P kalmRbalm
)
+ P pqrs∇bRrspq (24)
∂bR = P pqrs∇bRrspq (25)
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which can be obtained by working in a local inertial frame. These two can be combined to yield
∇aEab = −∇aEab , thereby leading to ∇aEab = 0.
With this definition of P a, the conservation of total momentum of matter plus gravity leads to,
0 = ∇a (P a +Ma) = ∇a
(−Ja + 2Eab vb − T ab vb)
= (2Eab − T ab )∇avb (26)
Invoking the same argument as in the case of general relativity and requiring the above relation to hold
for all timelike vector fields va lead to
Eab ≡ P aijkRjkbi −
1
2
δabR =
1
2
T ab , (27)
which are indeed the field equations in Lanczos-Lovelock gravity. Thus imposing the condition that total
momentum, of matter plus gravity is conserved, with the gravitational momentum given by Eq. (20),
leads to the gravitational field equations in all Lanczos-Lovelock theories of gravity. This also allows
us to associate the Noether current in Eq. (11) with the Lanczos-Lovelock models.
2.3 Reduced gravitational momentum
We notice that the combinations
Pa = −gij£vNaij ; Pa = −2P qrap £vΓpqr (28)
appear quite naturally in both Noether current and in the gravitational momentum in Einstein’s theory
and in Lanczos-Lovelock models. We shall call this combination reduced gravitational momentum Pa.
(We will see later that Pa is closely related to the rate of production of heat per unit area on null
surfaces.)
The algebraic reason for the occurrence of this combination is as follows. It turns out that, in
the thermodynamic interpretation of gravity, the combination T¯ab = Tab − (1/2)Tgab occurs more
naturally than the energy momentum tensor Tab with the field equations often arising [19, 20] in the
form 2Rab = T¯ab rather than as 2Gab = Tab in Einstein’s gravity. The total momentum of gravity plus
matter can be expressed, on-shell, in the form:
(P a +Ma) = −gij£vNaij −Rva − T ab vb
= −gij£vNaij +
1
2
Tδab v
b − T ab vb
= −gij£vNaij − T¯ ab vb ≡ (Pa + M¯a) (29)
where M¯a = −T¯ ab vb is the matter momentum associated with T¯ ab . This shows that the vector Pa =
−gij£vNaij bears the same relation to T¯ ab as P a does with T ab . Just as T¯ ab appears more naturally in
the emergent gravity paradigm, the Pa will also appear repeatedly in our discussions.
The notion of reduced gravitational momentum can also be generalized to the Lanczos-Lovelock
models as well. For purem- th order Lanczos-Lovelock gravity we have the relation 2[m−(D/2)]L = T .
So we can write,
(P a +Ma) = −2P qrap £vΓpqr − Lva − T ab vb
= −2P qrap £vΓpqr −
1
2[m− (D/2)]Tδ
a
b v
b − T ab vb
= −2P qrap £vΓpqr − T¯ ab vb ≡ Pa + M¯a (30)
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where the reduced gravitational momentum is naturally defined as
Pa = −2P qrap £vΓpqr (31)
In the case of general relativity the gravitational momentum Pa defined in Eq. (31) goes over to the
−gij£vNaij term, as it should.
3 Coordinate systems and the associated vector fields
The Noether current and gravitational momentum require a vector field va for their definition and
we expect them to have simple physical interpretations when we use naturally defined vector fields
in the spacetime, associated with the foliations we use to describe the geometry. Our next task is to
introduce these foliations and the associated vector fields. We will be using two different foliations
and the corresponding coordinate systems in our work. The first one is based on the standard (1+3)
foliation while the second one is adapted to a particular null surface. Both of these will turn out to be
useful in understanding the thermodynamic interpretation of the spacetime dynamics.
3.1 (1+3) Foliation and the Associated Vector Fields
This is completely straight forward and we will follow the conventions introduced in [19]. Our primary
interest is in the case of a coordinate system adapted to a null surface (which we will discuss in the
next Section 3.2) and the purpose of this section is just to recall the key formulas needed later for
comparison.
In the given spacetime, we introduce an arbitrary 1 + (d − 1) foliation based on a time function
t(xa), with a unit normal ua(x
i) ∝ ∇at. This splits the metric gab into the lapse (N), shift (Nα) and
the (d − 1)-metric hab = gab + uaub. The unit normal to these hypersurfaces is ua = −N∇at which
reduces to −Nδ0a in the natural coordinate system with t as the time coordinate. Observers with four
velocity ua will be called fundamental observers. (These observers follow the world lines x
α = constant,
i.e., they have the same spatial coordinates, if we choose a gauge with Nα = 0. We will, however, keep
our discussion general and shall keep Nα non-zero unless explicitly mentioned.) This foliation also
introduces another natural vector field:
ξa = Nua → −(N2,0); ξa = Nua → (1,−Nα) (32)
where the components are in the preferred coordinate system. This vector corresponds to the standard
timelike Killing vector if the spacetime is static. Further, in any spacetime, it has the time component
which is unity, i.e., ξ0 = 1. We will call ξa the time evolution vector field.
The fundamental observers will have (in general, nonzero) acceleration vector ai ≡ uj∇jui =
hji (∇jN/N) which is purely spatial (i.e., uiai = 0) and has the magnitude a ≡
√
aiai. The conditions
t(x) = constant, N(x) = constant, taken together, define the codimension-2 surface S with an induced
metric qab the area element
√
qdd−2x and the binormal ǫab ≡ r[aub] where rα = ǫ(aα/a) is essentially
the unit vector along the acceleration. (The factor ǫ = ±1 ensures that the normal rα is pointing
outwards irrespective of the direction of acceleration. We will usually assume ǫ = 1.) Note that ai and
∇iN projected on the t = constant surface coincides.
We will next consider the construction of an appropriate coordinate system associated with an
arbitrary null surface which we will use extensively in this paper.
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3.2 Gaussian Null Coordinates and the associated vector fields
The construction of a coordinate system associated with an arbitrary null surface has already been
discussed in detail in [41–43], which we will briefly review. This coordinate system will have the
following properties: (a) All the redundant gauge degrees of freedom are eliminated, leaving only 6
free functions in the metric tensor. (b) The null surface we are interested in is chosen to be a surface
determined by r = 0 where r is one of the spatial coordinates. The other r = constant (but non-zero)
valued surfaces will represent timelike surfaces and the null surface can be obtained as a limit r → 0.
(e.g., this is what will happen in Schwarzschild spacetime if we choose (r−2M) as one of the coordinates
with the event horizon being the chosen null surface).
This coordinate system is known as Gaussian null coordinates (henceforth referred to as GNC),
constructed in analogy with the Gaussian normal coordinates. To handle the fact that the normals
are null, we need to introduce another auxiliary null vector ka and then construct the coordinates by
moving away from the null surface along the appropriate null geodesics. After such a construction the
line element adapted to an arbitrary null surface (identified with r = 0) takes the following form in
GNC:
ds2 = −2rαdu2 + 2dudr − 2rβAdudxA + qABdxAdxB (33)
This line element contains six independent functions α, βA and qAB as advocated, all dependent on
the coordinates
(
u, r, xA
)
. We shall restrict to α > 0, which is adequate for our purposes. The metric
on the two-surface (i.e. u = constant and r = constant) is represented by qAB . The surface r = 0 is
the fiducial null surface but surfaces with r = non-zero constant are not null.
We will now introduce the time development vector ξa appropriate for this coordinate system as
the one with the components ξa = δa0 in the GNC; that is:
ξa = (1, 0, 0, 0) ; ξa = (−2rα, 1,−rβA) (34)
It can be easily shown that ξa will be identical to the timelike Killing vector corresponding to the
Rindler time coordinate if we rewrite the standard Rindler metric in the GNC form. Therefore, we can
think of ξa as a natural generalization of the time development vector corresponding to the Rindler-like
observers in the GNC; of course, it will not be a Killing vector in general. Since ξ2 = −2rα, we see that,
in the r → 0 limit, ξa becomes null. Given ξa, we can construct the four-velocity ua for a comoving
observer by dividing ξa by its norm
√
2rα obtaining:
ui =
(
1√
2rα
, 0, 0, 0
)
; ui =
(
−
√
2rα,
1√
2rα
,
−rβA√
2rα
)
(35)
The form of ui shows that the comoving observers can also be thought of as observers with (r, xA) =
constant. This proves to be convenient for probing the properties of the null surface.
This four-velocity, has the four-acceleration ai = uj∇jui. The magnitude of the acceleration
√
aiai,
multiplied by the redshift factor
√
2rα, has a finite result in the null limit, (i.e., r → 0 limit):
Na|r→0 =
(√
2rα
)
a|r→0 = α− ∂uα
2α
(36)
When the acceleration α varies slowly in time (i.e., ∂uα/α
2 ≪ 1) the second term is negligible and
Na → α. The redshifted Unruh-Davies [5, 6] temperature associated with the r = 0 surface, as
measured by (r, xA) = constant observer is given [19] by Eq. (36). We will call this temperature as the
“acceleration temperature”.
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We will next introduce the relevant null vectors associated with the GNC. Given the four-velocity
ua and four-acceleration ai we can construct two null vectors ℓ¯
i and k¯i as:
ℓ¯a =
√
2rα
2
(ua + ra) ; k¯a =
1√
2rα
(ua − ra) (37)
where ri is the unit vector in the direction of the acceleration, i.e., ri = ai/a. These two vectors ℓ¯
i and
k¯i satisfy: ℓ¯2 = 0, k¯2 = 0 and ℓ¯ak¯a = −1 and we have the following components on the null surface:
ℓ¯i
∣∣∣
r→0
= (0, 1, 0, 0) (38)
k¯i
∣∣∣
r→0
=
(
−1, qABa
AaB
4rαa2
,− aA√
2rα a
)
(39)
Since we are essentially interested only in the r → 0 limit, it is more convenient to work with a simpler
vector field ℓi ≡ ∇ir everywhere, which reduces to this ℓ¯i on the null surface and defines the natural
null normal to the r = 0 surface as a limiting case. Similarly, we can introduce another vector ka in
place of k¯a to simplify the computations. Using the non-uniqueness in the definition of k¯a, we can
change it to another vector ka such that,
k¯a = ka +Aℓa +BAe
A
a (40)
where eAa are basis vectors on the null surface and ℓa = ℓ¯a. From the property ℓae
a
A = 0 and ℓ
2 = 0
we get ℓak
a = −1, since ℓak¯a = −1. The condition k2 = 0, leads to a condition between A and BA
as: 2A = qCDB
CBD. Choosing A = (qABa
AaB/4rαa2) and BA = −(aA/
√
2rα a) leads to the simple
form ka = (−1, 0, 0, 0). Thus the vector ℓa = ∇ar and the auxiliary ka = −∇au have the following
components in the GNC:
ℓa = (0, 1, 0, 0) , ℓ
a =
(
1, 2rα+ r2β2, rβA
)
(41a)
ka = (−1, 0, 0, 0) , ka = (0,−1, 0, 0) (41b)
Along with these two vectors we also have the vector ξa, which is the time development vector introduced
earlier. Thus, through the GNC, we have introduced three vectors ℓa, ka and ξa. The binormal
associated with the null surface can be obtained in terms of ℓa and ka as ǫab = ℓakb − ℓbka.
There are a few more geometrical quantities associated with the null vectors which we will introduce
for ready reference later on. The first one corresponds to the induced metric qab on the null surface,
defined as,
qab ≡ gab + ℓakb + ℓbka; qab ≡ δab + ℓakb + ℓbka (42)
Note that both ℓaq
a
b and kaq
a
b identically vanishes on the null surface, thanks to the relation ℓak
a = −1;
we can think of qab as a projector on to the r = 0 surface, which is two-dimensional. Using this projector,
we can define extrinsic curvature on a null surface:
Θab ≡ qma qnb∇mℓn =
1
2
qma q
n
b£ℓqmn (43)
If λ is the parameter along the null generator ℓa on the null surface, we the only nonzero components
of Θab are (see Eq. (134) of Appendix A),
ΘAB =
1
2
d
dλ
qAB (44)
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The trace of Θab, is Θ = qabΘ
ab and it is useful to define the trace free shear tensor σab as,
σab ≡ Θab − 1
2
qabΘ (45)
Then, as described in Ref. [25] we can introduce shear viscosity coefficient, η = (1/16π) and the bulk
viscosity coefficient ζ = −(1/16π) as well as the dissipation term by:
D ≡ 8π (2ησabσab + ζΘ2) = ΘabΘab −Θ2 (46)
The importance of σab and D — which will occur repeatedly in our discussion — arises from the
following fact: It turns out that Einstein’s equations, when projected on to any null surface in any
spacetime, takes the form of a Navier-Stokes equations [24] with σab acting as a viscous tensor and η, ζ
acting as bulk and shear viscosity coefficients, In that case, the apparent viscous dissipation is given by
D. (The conceptual issues related to this ‘dissipation without dissipation’ since there can be no real,
irreversible, drain of energy are clarified in [24]). In the GNC, we have on the null surface,
D = 1
4
qacqbd∂uqab∂uqcd − (∂u ln√q)2 (47)
which vanishes when ∂uqab = 0 on the null surface. We will have occasion to comment on these results
later on.
4 Noether current for the time evolution vector field and space-
time thermodynamics
In Section 3 we introduced two natural foliations of the spacetime, one based on the (1+3) split and the
other adapted to a fiducial null surface. These coordinate charts also come with certain natural vector
fields. In the case of the (1+3) split, the time evolution is related to the vector field ξa we introduced
in Eq. (32). In the case of the foliation based on a null surface, we again have a natural time evolution
field ξa given by Eq. (34) as well as the null vector ℓa which is tangent to the null congruence defining
the null surface. It would be interesting to study the Noether current and the gravitational momenta
corresponding to these vector fields which turn out to have direct thermodynamic significance. In this
section we shall consider the Noether currents; we will take up the properties of gravitational momenta
in Section 7.
4.1 Noether current adapted to (1+3) foliation
We will begin with a brief description of several properties of the Noether current associated with the
vector field ξa, developing further the ideas introduced in Ref. [19].
Let us start with the situation corresponding to general relativity. The form of the Noether potential
Jab and current Ja is most easily analysed in terms of the electromagnetic analogy introduced earlier.
Using the foliation vectors ua = −N∇at and ξa = Nua we readily obtain the following expressions for
“electric” and “magnetic” fields of Jab[ξ] as,
Ea(ξ|u) = ub
[∇a (Nub)−∇b (Nua)] = −2Naa; Ba(ξ|u) = 0 (48)
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For Jab[ξ] the magnetic field vanishes and the electric field is proportional to the acceleration. So Jab
can be expressed in terms of Ea and ub as 16πJab(v) = uaEb(v|u)− ubEa(v|u) whose divergence gives
(with 16π inserted; we are now using units with G = 1):
16πJa(v) = 16π∇bJab(v) = ua∇bEb(v|u) + Eb(v|u)∇bua − Ea(v|u)∇bub − ub∇bEa(v|u) (49)
Projecting along ua leads to the Noether charge density on a t = constant surface given by:
16πuaJ
a(ξ) = −∇bEb(ξ|u)− uaub∇aEb(ξ|u) = −DbEb(ξ|u) = Dα (2Naα) (50)
where Di is the covariant derivative operator on the spatial slices. This matches with earlier results [19]
and is analogous to ∇·E = ρ in electromagnetism. Incidentally, there is a similar result for Ja(u); one
can show that 16πuaJ
a(u) = Dα(Na
α).
The thermodynamic interpretation of the result 16πuaJ
a(ξ) = Dα (2Na
α) can be extracted by
integrating the Noether charge density uaJ
a(ξ) over a 3-dimensional region V of a t = constant surface
with integration measure d3x
√
h to obtain the total Noether charge in that volume. We get:
∫
V
d3x
√
huaJ
a(ξ) =
∫
∂V
qαrαd
2x (51)
where rα is the vector normal to ∂V and qα is the heat flux vector defined as,
qα =
(
Na
2π
)(√
q
4
)
aˆα = (Ts)aˆα (52)
where aα is the unit vector in the direction of the acceleration. The magnitude of the heat flux vector
qα gives the heat density, Ts, where T = Na/2π is the local Davies-Unruh temperature [5, 6] and
s =
√
q/4 is the entropy density per unit coordinate area. Thus, the total Noether charge contained in
an arbitrary bulk volume V within t = constant surface is equal to total heat flux contained within the
boundary ∂V . When the boundary ∂V is a N = constant surface then rα = aˆα and the total heat flux
qαrα equals the heat content of the boundary, as derived previously [19]. Also note that
√
qJab(ξ) = qaub − qbua = 2(Ts)ǫab (53)
where the bi-normal is defined as ǫab = (1/2)(aˆaub−aˆbua). That is, the Noether potential is proportional
to the bi-normal of the equipotential surfaces.
The above analysis uses the fact that uaJ
a(ξ) is a 3-divergence, so that the spatial volume integral
of uaJ
a(ξ) can be converted to a surface integral. In this case, it is natural to interpret uaJ
a(ξ) as a
spatial density, viz., charge per unit volume of space. It turns out that similar results can be obtained
even for the component of Ja(ξ) in the direction of the normal to the equipotential surface along the
following lines. It can be easily shown that
aˆpJ
p(ξ) = − (gij − aˆiaˆj)∇i (2Nauj) = −gij⊥∇i (2Nauj) (54)
where the tensor gij
⊥
acts as a projection tensor transverse to the unit vector aˆi. However in order
to define a surface covariant derivative we need aˆi to foliate the spacetime, which in turn implies
ui∇iN = 0. In this case Eq. (54) can be written as aˆpJp(ξ) = −Di(2Naui), where Di is the covariant
derivative operator corresponding to the induced metric gij
⊥
on the N = constant surfaces with normal
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aˆi. (When u
i∇iN = 0, we have aj = ∇j lnN .) To obtain an integral version of this result, let us
transform from the original (t, xα) coordinates to a new coordinate system (t, N, xA) using N itself
as a “radial” coordinate. In this coordinate we have ai ∝ δNi and thus uN = 0, thanks to the
relation uiai = 0. Thus Di(2Naui) will transform into Dα¯(2Nauα¯), where α¯ stands for the set of
coordinates (t, xA) on the N = constant surface. Integrating both sides aˆpJ
p(ξ) = −Dα¯(2Nauα¯), over
the N = constant surface will now lead to the result (with restoration of 1/16π factor):
∫
d2xdt
√−g⊥ aˆpJp(ξ) = −
∫
d2x
√
qN
(
Na
8π
)
ut =
∫
d2x
(
Na
2π
)(√
q
4
) ∣∣∣∣∣
t1
t2
(55)
where we have used the standard result
√−g⊥ = N√q, with q being the determinant of the two-
dimensional hypersurface. The right hand side can be thought of as the difference in the heat content
Q(t2)−Q(t1) between the two surfaces t = t2 and t = t1 where:
Q(t) ≡
∫
d2x
(
Na
2π
)(√
q
4
)
=
∫
d2x(Ts) (56)
This looks very similar to the result we obtained in the case of the integral over uiJ
i earlier (see Eq. (51)
with aα = rα on the N = constant surface), but there is a difference in the interpretation of the left
hand side. While uiJ
i can be thought of as the charge density per unit spatial volume, the quantity
aˆpJ
p(ξ) represents the flux of Noether current through a time-like surface; therefore, aˆpJ
p(ξ) should be
thought of as a current per unit area per unit time. We will see later that the flux of Noether current
through null surfaces leads to a very similar result.
The generalization of these results to Lanczos-Lovelock gravity is straightforward if we rewrite the
expression in Eq. (52) for the heat flux qa in the form:
qα =
(
Na
2π
)(√
q
4
)(
2Pαbcβ ubu
caˆβ
)
(57)
(When P cdab ≡ (1/2)(δcaδdb − δdaδbc) the qα becomes parallel to aα, thanks to uaaa = 0 and reduces to the
previous expression.) To get the results for the Lanczos-Lovelock gravity, we only need to replace P abcd
for general relativity with the P abcd for Lanczos-Lovelock gravity given in Eq. (10).
In this case, the antisymmetric Noether potential is constructed by using the entropy tensor P abcd
introduced through Eq. (6) as, 16πJab(v) = 2P abcd∇cvd. Then the “electric” component of Jab(ξ) turns
out to be,
Ea(ξ|u) = 2P abcdub∇cξd = 2P abcdub [N∇cud + ud∇cN ]
= 2P abcdubud
(
Nac − ucub∇bN
)− 2NP abcdub (Kcd + ucad)
= 4NP abcdubacud ≡ −2Nχa (58)
where
χa ≡ −2P abcd ubacud (59)
Note that uaχ
a = 0, thanks to the antisymmetry of P abcd in the first two indices making χ
a another
spatial vector. (However the “magnetic” component does not vanish in this case and is algebraically
complicated.) The contraction of Ja(ξ) with ua will again lead to the simple relation uaJ
a(ξ) =
15
−DaEa(ξ|u), thanks to the Frobenius identity for ua and complete antisymmetric tensor ǫabcd. (Of
course, this is again to be expected from the electromagnetic analogy related to ∇·E = ρ.) Thus we
obtain, by using Eq. (58), the result:
16πuaJ
a(ξ) = Dα (2Nχ
α) (60)
Integrating over (d − 1)-dimensional t = constant hypersurface with dd−1x√h as the volume measure
we get,
∫
V
dd−1x
√
huaJ
a(ξ) =
∫
∂V
(
Na
2π
)(
1
2
√
qPαbcβubucaˆβ
)
rαd
d−2x =
∫
∂V
qαrαd
d−2x (61)
where the heat flux vector qα is now defined as
qα =
(
Na
2π
)(
1
2
√
qPαbcβ ubu
caˆβ
)
=
(
Na
2π
)(√
q
4
)
χα (62)
Thus, even in Lanczos-Lovelock gravity we can define a suitable heat flux vector which is spatial (though
is no longer in the direction of acceleration.) If we consider a region bounded by an equipotential surface,
then rα = aˆα and the integrand of Eq. (61) will have the combination P
αbcβ aˆαubaˆβuc which can be
re-expressed in terms of the bi-normal of the surface. This allows us to express the integrand in the
form Ts = (Na/2π)s and read-off the entropy density as
s = −1
8
√
qP abcdǫabǫcd (63)
This is in fact an alternate way of defining P abcd which justifies calling it the entropy tensor.
Using the form of the Noether current it is possible relate the evolution of spacetime to the difference
between suitably defined surface and bulk degrees of freedom. (This was discussed in detail in ref. [19]
which we will recall here because we will later obtain a similar result for the null surface.) To do this,
we start with the relation:
Dα (2Na
α) = 8π
(
2NT¯ abuaub
)
+ uag
bc£ξN
a
bc (64)
where we have used the field equation Rab = 8πT¯ab, in the expression for uaJ
a(ξ) and Eq. (50). The
Lie variation term [19] is given by (see section A.3 of [19]):
√
huag
ij£ξN
a
ij = −hab£ξpab (65)
which depends only on the extrinsic curvature through pab =
√
h(Khab − Kab). For a section of a
spacelike surface V with boundary ∂V , we define the average boundary temperature as:
Tavg =
1
Asur
∫
∂V
d2x
√
q
Na
2π
=
1
Asur
∫
∂V
d2x
√
qTloc (66)
where Tloc = Na/2π is the local (Tolman-redshifted) Davies-Unruh temperature [5, 6] and Asur is the
area of ∂V . We also define the surface and bulk degrees of freedom by:
Nsur =
∫
∂V
d2x
√
q =
Asur
L2P
; Nbulk =
1
(1/2)Tavg
∫
d3x
√
h2NT¯abu
aub =
|EKomar|
(1/2)Tavg
(67)
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The Nsur counts the number of degrees of freedom on the surface area in Planck units; Nbulk is
the number of degrees of freedom in a bulk volume if an amount of (Komar) energy EKomar, is in
equipartition at the temperature Tavg. (We do not assume that the equipartition is reached, of course.)
Using Eq. (65) in Eq. (64) and integrating it over a bulk volume bounded by N = constant surface can
be written in the form [19]:
− 1
8π
∫
d3x
√
h hab£ξp
ab =
1
2
Tavg (Nsur −Nbulk) (68)
which shows that the difference between the surface and the bulk degrees of freedom defined in Eq. (68)
is what drives the time evolution of the spacetime through the Lie variation of the momentum pab. It
will turn out that similar result holds for null surfaces as well.
We conclude this section with a discussion of the Newtonian limit of general relativity treated
using the Noether current which has some amusing features. The Newtonian limit is obtained by
setting N2 = 1 + 2φ, g0α = 0 and gαβ = δαβ , where φ is the Newtonian potential [12]. Then the
acceleration of the fundamental observers turn out to be aα = ∂αφ. Since the spatial section of the
spacetime is flat, the extrinsic curvature identically vanishes and so does the Lie variation term. Also
2T¯abu
aub = ρKomar = ρ, which immediately leads to (with G inserted, see Eq. (64)):
∇2φ = 4πGρ (69)
the correct Newtonian limit. The same can also be obtained using the four velocity ua. The Noether
charge associated with ua turns out to have the following expression [19]
Dαa
α = 16πuaJ
a(u) = 16πT¯abu
aub + uag
bc£uN
a
bc (70)
In the Newtonian limit the following results hold 2T¯abu
aub = ρ and uag
bc£uN
a
bc = −Dαaα (which
follows from the Newtonian limit of the result uag
bc£ξN
a
bc = NDαa
α + 2aαDαN −Nuagij£uNaij and
the fact that in spacetime with flat spatial section the term uag
bc£ξN
a
bc identically vanishes). This
immediately leads to Eq. (69).
We also see that the Noether charge is positive as long as ρ > 0 in the Newtonian limit. In fact,
the Noether charge contained inside any equipotential surface is always a positive definite quantity as
long as rα and aα point in the same direction (which happens when T¯abu
aub > 0). To prove this we
can integrate the Noether charge over a small region on a t = constant hypersurface to obtain,
∫
t=constant
d3x
√
huaJ
a(u) =
1
8π
∫
N,t=constant
d2x
√
q2Naαrα =
∫
N,t=constant
d2x
(
Na
2π
)(√
q
4
)
(71)
Since ρ is positive definite in this case the fundamental observers are accelerating outwards and thus
rαa
α = a. The temperature as measured by these fundamental observers is a positive definite quantity
and so is the entropy density and hence the positivity of Noether charge follows.
4.2 Noether current adapted to GNC
We shall next consider the corresponding thermodynamic interpretation of the Noether current when
we use the time development vector field adapted to the null surface in the GNC. Let us begin with the
above result, i.e., Noether charge contained in a bulk region equals the heat content of the boundary,
which was derived for a subregion of a spacelike surface. It turns out that a similar result holds for a
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null surface as well. Given the fact that the Noether current corresponding to the time development
vector led to a nice thermodynamic interpretation, we will consider the object ℓaJ
a(ξ). (In GNC ξa
has the components in Eq. (34) and ℓa is given by Eq. (41a) but of course our results are covariant.).
It then turns out that (see Eq. (187) of Appendix B),
16πℓaJ
a(ξ) = Jr(ξ) =
1√
q
d
dλ
(2α
√
q) (72)
where λ is the parameter along the null generator ℓa, which in GNC is simply u. This equation can be
integrated over the null surface with integration measure
√
qd2xdλ and leads to,
∫
d2xdλ
√
qℓaJ
a(ξ) =
∫
d2x
( α
2π
)(√q
4
) ∣∣∣λ=λ2
λ=λ1
= Q(λ2)−Q(λ1) (73)
where
Q(λ) =
∫
d2x
( α
2π
)(√q
4
)
=
∫
d2xTs (74)
is the heat content of the null surface at a given λ.
This again shows that total Noether charge density for the vector field ξa integrated over the null
surface equals the difference of the heat content Q of the two dimensional boundaries located at λ = λ2
and λ = λ1. Previously the connection between bulk Noether charge to surface heat density was
derived in the context of spacelike surfaces. The result in Eq. (73) generalizes the previous connection
— between bulk Noether charge and surface heat density in the context of spacelike surfaces — by
showing that the total Noether charge on a null surface is also expressible as the heat content of the
boundary.
The following aspect of this result is worth highlighting. We obtained earlier two results (see Eq. (51)
and Eq. (55)) of similar nature. The first one (in Eq. (51)) was for a spatial region V contained in a
space-like hypersurface. In that case, the normal to the surface was ua and the natural integration
measure, for integrating the normal component of a vector field is ua
√
hd3x. We computed the integral
Jaua
√
hd3x and found that it is given by a boundary term; we could have also computed the integral
in a region contained within two boundary surfaces like, for example, in the shell-like region between
two spherical surfaces of radii R1 and R2. We would have then found that the Noether charge in the
bulk region is the difference between the heat contents of the two surfaces.
In the second case, (in Eq. (55)) we considered the flux of Noether current through a timelike surface
with normal aˆi. In this case we calculated the integral of aˆpJ
p(ξ) with the measure d2xdt
√−g⊥ on a
timelike surface and got a similar result. We also mentioned that in this case, the integrand aˆpJ
p(ξ) is
to be thought of as heat flux per unit time.
In the case of a null surface, our result is similar to the second one, given by Eq. (55). Now
the corresponding integration measure for integrating a vector field over a null surface is given by
ℓa
√
q d2x dλ where ℓa = dxa/dλ is the tangent vector to the null congruence defining the null surface.
Therefore, in this case, we calculate the integral over Jaℓa
√
q d2x dλ. This leads to the difference ∆ Q
of the heat content at the two boundaries corresponding to λ = λ1 and λ = λ2. In the integrand in
this case, Jaℓa
√
q d2x dλ one of the coordinates λ is similar to a time coordinate rather than a spatial
coordinate. So we cannot think of Jaℓa as charge per unit volume; instead it represents charge per
unit area (flux) per unit time and more appropriately, it is the rate of production of heat per unit area
of the null surface.
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It is possible to proceed further and relate the change in the heat content with the matter energy
flux through the null surface. To do this, we use Eq. (1) and field equation Gab = 8πTab to obtain (on
the null surface):
16πTabℓ
aℓb = 16πℓaJ
a(ξ)− ℓagbc£ξNabc (75)
The Lie derivative term can be computed directly to give (see Eq. (225) of Appendix B):
√
qℓag
ij£ξN
a
ij = −qab£ξΠab +
d2
√
q
dλ2
(76)
where Πab =
√
q[Θab− qab(Θ+κ)] is the momentum conjugate to qab and Θab = qamqbn∇mℓn where Θ is
the trace of Θab. Integrating this result over the null surface between λ = λ1 and λ = λ1, and assuming
for simplicity that the boundary terms at λ = λ1, λ1 do not contribute (which assumes dA/dλ = 0 at
the end points where A is the area of the null surface), we get:
− 1
16π
∫
d2xdλ qab£ξΠ
ab = [Q(λ2)−Q(λ1)]−
∫
dλd2x
√
qTabℓ
aℓb (77)
This expression shows that the evolution of the spacetime, which is encoded by the evolution of the
momentum Πab is driven by the difference between (i) heat content Q at the boundary and (ii) the
matter heat flux flowing into the null surface. We can rewrite this in a nicer manner as follows. We
define the surface degrees of freedom as (in units with G = 1):
Nsur ≡ A
L2P
= A =
∫
d2x
√
q (78)
and the average temperature as:
Tavg =
1
A
∫
d2x
√
q
( α
2π
)
(79)
We also introduce the effective bulk degrees of freedom by:
Nbulk =
1
(1/2)Tavg
∫
dλd2x
√
q2T¯abℓ
aℓb (80)
If the matter heat flux, given by the integral in the right hand side, thermalizes at the average temper-
ature of the null surface then, Nbulk will represent the the effective equipartition degrees of freedom.
We now rewrite Eq. (77) as,
− 1
8π
∫
d2xdλ qab£ξΠ
ab =
1
2
∫
λ2
d2x
( α
2π
)√
q − 1
2
∫
λ1
d2x
( α
2π
)√
q − 2
∫
dλd2x
√
qTabℓ
aℓb (81)
which, on using our definitions, becomes:
− 1
8π
∫
d2xdλ (qab£ξΠ
ab) =
1
2
Tavg
[
(Nsur)
λ2
λ1
−Nbulk
]
(82)
This has the interpretation that and hence the evolution of spacetime on a null surface, encoded in the
Lie variation of the momentum Πab along the time development vector, can be thought of as due to the
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difference between surface degrees of freedom and the bulk degrees of freedom. This an exact analogy
to the corresponding result in (1 + 3) foliation presented in Eq. (68), which was originally obtained
in [19].
For the sake of completeness, we clarify the notion of Tabℓ
aℓb being the heat flux through the null
surface. This concept has been introduced in [35] and arises as follows: Let there be a matter field,
in the spacetime, with energy momentum tensor Tab. Around any given spacetime event P , we can
construct local inertial and hence local Rindler frames. We then have an approximate Killing vector
field ξa, generating boosts, which coincides with the null normal ℓa at the null surface (see Section 3.2).
The heat flow vector is defined as the boost energy current obtained by projecting Tab along ξ
b yielding
Tabξ
b. Thus the energy (heat) flux through the null surface will be:
Q =
∫ (
Tabξ
b
)
dΣa =
∫
Tabξ
bℓa
√
qd2xdλ (83)
where
√
qd2xdλ is the integration measure on a null surface generated by null vectors ℓa, parametrized
by λ. Hence, in the null limit, Tabℓ
aℓb (when ξa → ℓa on the null surface) represents the heat flux
through the null surface.
The same argument can also be presented along the following lines. On a null surface we can
decompose Tabξ
b in canonical null basis as, Tabξ
b = Aℓa + Bka + CAe
A
a . Then the heat flux through
the surface is given by the component B along ka, which is off the null surface. This component B is
obtained by contracting with ℓa (since ℓ
2 = 0 and ℓak
a = −1). This leads to the heat flux through the
null surface to be Tabℓ
aℓb.
5 Reduced Gravitational momentum associated with the time
development vector
The expression for the Noether current contains a Lie derivative term which was defined earlier as the
reduced gravitational momentum. In this section, we shall describe some key properties of this reduced
gravitational momentum vector in different contexts, emphasising the results in GNC.
In the case of (1+3) foliation using spacelike surfaces with normal ua = −N∇at (N is the lapse
function) and induced metric hab = gab+uaub the reduced gravitational momentum can be related [19]
to the Lie variation of pab =
√
h(Khab −Kab) by:
−
√
huaPa(ξ) =
√
huag
ij£ξN
a
ij = −hab£ξpab (84)
In the case of null surfaces, one can obtain a similar relation. For a general, non-affine parametrization,
i.e., when the null generator ℓa satisfy the relation ℓb∇bℓa = κℓa, we find that the Lie variation term
is given by (see Eq. (225) of Appendix B):
−√qℓaPa(ξ) = √qℓagij£ξNaij = −qab£ξΠab +
d2
√
q
dλ2
(85)
where Πab =
√
q[Θab−qab(Θ+κ)] is the momentum conjugate to qab. Thus as in the case of the spacelike
surface, for null surfaces as well, the Lie variation of N cab is directly related to the Lie variation of the
momentum conjugate to the induced metric on the null surface. But in the case of null surfaces there
is an extra term which contributes only at the boundaries λ = λ1, λ2.
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It can be seen from straightforward algebra (see Eq. (163) of Appendix A) that qab£ξΠ
ab is directly
related to the object D = ΘabΘab − Θ2 defined in Eq. (46) which, as we mentioned earlier, can be
interpreted as dissipation [25]. This leads to an alternative expression on the null surface for the Lie
variation term in the adapted coordinate system as (see Eq. (210) and Eq. (224) in Appendix B),
ℓag
ij£ξN
a
ij = 2D +
2√
q
∂2λ (
√
q) + 2∂λα (86)
Integrating this expression over the r = 0 null surface with integration measure d2xdu
√
q, neglecting
total divergence and dividing by 16π leads to,
1
16π
∫
d2xdλ
√
qℓag
ij£ξN
a
ij =
1
8π
∫
d2xdλ
√
qD +
∫
d2x
(√
q
4
)
d
( α
2π
)
(87)
which explicitly shows that the Lie variation term integrated over the null surface, leads to the dissipa-
tion and the sdT term (interpreted as dT = (dT/dλ)dλ). Hence the reduced gravitational momentum
on the null surface, can be given a natural thermodynamic interpretation.
What is important regarding the above result is that for ∂λqab = 0 (i.e., the induced metric on the
null surface is independent of the parameter along the null generator) the dissipation term vanishes
and thus Eq. (87) can be written as:
1
16π
∫
d2xdλ
√
qℓag
ij£ξN
a
ij = Q(λ2)−Q(λ1) (88)
Hence the Lie variation term in this particular situation is equal to difference in the heat content
allowing us to relate Pa to the rate of heating of the null surface.
6 The thermodynamic variational principle for the field equa-
tions
It has been shown earlier [14,16] that the gravitational field equations can be obtained by extremising
the total heat density of all the null surfaces in the spacetime. The purpose of this section and the next
is to show that this variational principle takes a simple form in terms of the gravitational momentum
for both general relativity and the Lanczos-Lovelock models.
6.1 General relativity
In Section 2 we have defined the gravitational momentum P a(v) and the matter momentum Ma(v)
associated with the vector field va. Using these two we can construct a thermodynamic variational
principle leading to the field equations for gravity. We start by defining a suitable expression for the
heat density associated with a null surface as:
Q =
∫
d2xdλ
√
q [{−ℓaP a(ℓ)}+ {−ℓaMa(ℓ)}] (89)
where ℓa is the null vector, such that on the null surface ℓaℓ
a = 0. Then from Eq. (18) we observe that
the Ricci scalar does not contribute since ℓaℓa = 0 on the null surface. From the definition of matter
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momentum as Ma(ℓ) = −T ab ℓb, we find that:
Q =
∫
d2xdλ
√
q
(
Tabℓ
aℓb +
1
16π
ℓag
bc£ℓN
a
bc
)
(90)
To understand the interpretation of this quantity as the heat content of the null surface, note that
the matter term involves an integral over d2xdλ
√
q ℓa(T
a
b ℓ
a) on the null surface. As we argued earlier,
T abℓaℓb can be related to be heat flux due to the matter and hence this integral represents the heat
content of the null surface contributed by matter. (In the case of an ideal fluid in GNC, T abℓaℓb will
be equal to ρ + p, which is same as the heat density Ts when we use the Gibbs relation.) Similarly,
the expression obtained by replacingMa by the gravitational momentum P a can be thought of as the
heat density due to gravity. The explicit form involving reduced gravitational momentum supports this
interpretation. Since ℓa = ∇aφ, we have Ja(ℓ) = 0. Hence we have ℓagbc£ℓNabc = −2Rabℓaℓb, which
allows us to write:
Q =
∫
d2xdλ
√
q
(
Tabℓ
aℓb − 1
8π
Rabℓ
aℓb
)
(91)
Varying the integrand with respect to all the null vectors fields ℓa, after adding a Lagrange multiplier
term λ(x)ℓaℓa to enforce the condition ℓ
2 = 0 will lead to the field equation Gab = 8πTab+Λgab where
the cosmological constant Λ appears as an integration constant. (The details of this derivation has
been given in several previous works [14, 16, 19] and hence is not repeated here.) So, starting from the
projection of gravitational momentum and matter momentum along the null normal ℓa, we can derive
the field equations for gravity.
The same result arises even if we have started using the contractions −ℓaP a(ξ) and −ℓaMa(ξ). As
we have shown in Eq. (149) in Appendix A the Lie variation term and Rabℓ
aℓb differs only by a total
divergence. Hence after neglecting the surface contributions, the action would be identical to Eq. (91)
and thus on variation of ℓa it would lead to the field equations for gravity.
6.2 Lanczos-Lovelock gravity
The power of this analysis becomes apparent when we realise that the same expression as presented
in Eq. (89) leads to the Lanczos-Lovelock field equations when we use the corresponding momentum
P a(ℓ) given by Eq. (20). Using this, we can construct a variational principle associated with a null
surface, leading to the field equations for Lanczos-Lovelock theories of gravity. This is achieved by
using exactly the same expression for the heat content:
Q =
∫
dD−2xdλ
√
q [{−ℓaP a(ℓ)}+ {−ℓaMa(ℓ)}] (92)
where ℓa is the null vector, such that on the null surface ℓaℓ
a = 0. As in the case of general relativity,
the scalar R present in gravitational momentum does not contribute since ℓaℓa = 0 on the null surface.
From the definition of matter momentum as Ma(ℓ) = −T ab ℓb, we arrive at the explicit form:
Q =
∫
dD−2xdλ
√
q
(
Tabℓ
aℓb +
1
16π
ℓaP
nqa
m £ℓΓ
m
nq
)
(93)
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Since ℓa = ∇aφ, we have Ja(ℓ) = 0. Hence ℓaP nqam £ℓΓmnq = −2Rabℓaℓb, which gives the variational
principle for the null surface to be:
Q =
∫
dD−2xdλ
√
q
(
Tabℓ
aℓb − 1
8π
Rabℓaℓb
)
(94)
Again varying the integrand with respect to all the null vectors fields ℓa, with a Lagrange multiplier
λℓaℓ
a to impose the constraint ℓ2 = 0, we obtain the field equation to be Eab = 8πTab+Λgab as before.
Hence starting from the gravitational momentum and matter momentum along the normal, null vector
field ℓa, we can derive the field equations for gravity.
Thus, one can write down a thermodynamic variational principle directly in terms of the gravita-
tional momentum. The logical simplicity of this result and the fact that it holds for Lanczos-Lovelock
models without any modification is note worthy. Because of this feature, this procedure seems to be
the natural way of obtaining the field equations in the emergent gravity paradigm.
7 Projections of Gravitational Momentum on the Null Surface
We shall now take up a further application of the concept of gravitational momentum. Given the
thermodynamic significance of the null surfaces, we would expect the flow of gravitational momentum
vis-a-vis a given null surface to be of some importance. To explore this, we have to first choose a suitable
vector field using which the gravitational momentum can be defined. The most natural choice — as
before — is the time evolution field ξa. Further, in the canonical null basis (ℓa, ka, eaA) the gravitational
momentum can be decomposed as: P a = Aℓa + Bka + CAeaA. These components A,B and C
A are
related to the three projections of P a by A = −P a(ξ)ka, B = −P a(ξ)ℓa and CA = P a(ξ)eAa . So we
need to consider the following three components qabP
b(ξ), kaP
a(ξ) and ℓaP
a(ξ) to get the complete
picture. We will see that each of them lead to interesting thermodynamic interpretation. In view of
the rather involved calculations, we will first provide a summary of the thermodynamic interpretations
of these projections:
• The component qbaP a(ξ) leads to the Navier-Stokes equation for fluid dynamics, using which
we can obtain yet another justification for the dissipation term introduced in Eq. (46). This is
described in Section 7.1
• The component kaP a(ξ), when evaluated on an arbitrary null surface leads to a result which can
be stated in the form: TdS = dE + PdV , i.e., as a thermodynamic identity. This helps us to
identify a notion of energy associated with an arbitrary null surface. We obtain this result in
Section 7.2.
• Finally, the component ℓaP a(ξ) yields the evolution of null surface, which involves both ds/dλ
and dT/dλ, where s is the entropy density and T is the temperature associated with an arbitrary
null surface and λ is the parameter along the null generator ℓa. This is studied in Section 7.3.
We shall now show how all these three results tie up with the notion of gravitational momentum
and arise naturally from the three different projections of the gravitational momentum.
23
7.1 Navier-Stokes Equation
The equivalence of field equations for gravity, when projected on a null surface, and the Navier-Stokes
equation is an important result in the emergent paradigm of gravity. This result, which generalizes the
previous one [27] in the context of black holes, shows that when Einstein’s equations are projected on
any null surface and viewed in local inertial frame, they become identical to the Navier-Stokes equation
of fluid dynamics [24]. Here we will project the gravitational momentum P a on an arbitrary null surface
parametrized by GNC and show that the Navier-Stokes equation is obtained. For this purpose we will
consistently use the vector field ξa. Even though we will present the results for the adapted coordinates
to a null surface (i.e., in GNC), the same result continues to hold in any other parametrization as well.
In order to project the gravitational momenta 16πP c(ξ) = gab£ξN
c
ab + Rξ
c on the null surface
we need to determine the induced metric qab , which [43] turns out to be diag(0, 0, 1, 1). Hence it is
the angular part which is going to contribute. The vectors ℓa and ka are already given in Eq. (41a)
and Eq. (41b) respectively. In the Navier-Stokes equation two other vectors play a crucial role. These
vectors and their components in the adapted GNC system has the following expressions:
ωb = ℓ
m∇mkb =
(
α, 0,
1
2
βA
)
; ωa =
(
0, α,
1
2
βA
)
(95)
and
Ωa = ωa + αka =
(
0, 0,
1
2
βA
)
; Ωa =
(
0, 0,
1
2
βA
)
(96)
From [24] we know that βA can be interpreted as the transverse velocity of observers on the null surface.
(In particular it can be interpreted as velocity drift of local Rindler observers parallel to the Rindler
horizon.) With this physical motivation, let us now start calculating the projection of P a on the null
surface. Using the coordinates adapted to a given null surface, we arrive at:
−16πqabP b(ξ) = qab gpq£ξN bpq = 2£ξNAur + qBC£ξNABC (97)
where we have used the identity ℓaq
a
b = 0. We next need to find the Lie variation of N
c
ab. For that we
use the expression in Eq. (3) for the Lie variation of Christoffel symbol with respect to an arbitrary
vector field va and the result: Nabc = Q
ad
beΓ
e
cd +Q
ad
ceΓ
e
bd. Then the Lie variation of N
a
bc becomes
£vN
a
bc = Q
ad
be£vΓ
e
cd +Q
ad
ce£vΓ
e
bd
=
1
2
(
δab∇c∇dvd + δac∇b∇dvd
)− 1
2
(∇b∇cva +∇c∇bva)− 1
2
(Rabmc + R
a
cmb) v
m (98)
We obtain the expressions for Lie variation of NAur and N
A
BC on the null surface (located at r = 0) to
be (see Eq. (191) of Appendix B)
£ξN
A
ur =
1
2
∂uβ
A =
1
2
qAB∂uβB +
1
2
βB∂uq
AB (99)
£ξN
A
BC =
1
2
δAB∂CΘ+
1
2
δAC∂BΘ− ∂uΓˆABC (100)
Substituting these results in Eq. (97) we arrive at,
−16πqpbP b = qpa
(
gbc£ξN
a
bc
)
= qPB∂uβB + βB∂uq
PB + qPC∂CΘ− qBC∂uΓˆPBC (101)
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In order to get the Navier-Stokes equation in its familiar form we need to lower the free index in
Eq. (101) and multiply both sides by (−1/2). Using Noether current for ξa we have from Eq. (1)
qab(g
pq£ξN
b
pq) = qabJ
b(ξ) − 2Rmnℓmqna (102)
On using Einstein’s equations Rab = 8π(Tab − (1/2)Tgab) and the result ℓaqab = 0, Eq. (101) leads to
the following result:
8πTmnℓ
mqna =
1
2
βA∂u ln
√
q +
1
2
∂uβA − ∂Aα− 1
2
∂A∂u ln
√
q +
1
2
qABq
PQ∂uΓˆ
B
PQ
=
1
2
βA∂u ln
√
q +
1
2
∂uβA − ∂Aα− 1
2
∂A∂u ln
√
q
− 1
2
qABΓˆ
B
PQ∂uq
PQ +
1
2
∂D
(
qCD∂uqAC
)
+
1
2
∂uq
CF∂CqAF − 1
2
qAB∂u
(
qBD∂D ln
√
q
)
=
1
2
βA∂u ln
√
q +
1
2
∂uβA − ∂Aα− ∂A∂u ln√q − 1
2
qAB∂uq
BD (∂D ln
√
q)
+
1
2
∂D
(
qCD∂uqAC
)
+
1
2
∂uq
CF∂CqAF − 1
2
∂CqAF∂uq
CF − 1
2
qCDΓˆEAC∂uqED (103)
where in the second line we have used the relation Eq. (175b) and in the third line Eq. (175c) as
presented in Appendix B. From Eq. (174) of Appendix B we obtain:
1
2
∂uβA + ∂B
(
1
2
qBC∂uqAC
)
+
1
2
qCD∂uqAD∂C ln
√
q − 1
2
qBD∂uqCDΓˆ
C
AB
+ ∂u ln
√
q
1
2
βA − ∂A∂u ln√q − ∂Aα
= qna£ℓΩn +Dmσ
m
a +ΘΩa −Da
(
Θ
2
+ α
)
(104)
After some trivial manipulations in Eq. (103) and using Eq. (104) the following final expression is
obtained:
8πTmnℓ
mqna = q
n
a£ℓΩn +Dmσ
m
a +ΘΩa −Da
(
Θ
2
+ α
)
(105)
which can be interpreted as the Navier-Stokes equation for fluid dynamics.
The correspondence between Eq. (104) and Eq. (105) with Navier-Stokes equation for fluid dynamics
is based on the following identifications of various geometric quantities on the null surface: (i) The
momentum density is given by −Ωa/8π. In the coordinates adapted to the null surface, Ωa has only
transverse components which are given by (1/2)βA. This reinforces our interpretation of βA as the
transverse fluid velocity. Moreover, we can identify (ii) the pressure κ/8π, (iii)the shear tensor defined
as σmn (see Eq. (45)), (iv) the shear viscosity coefficient η = (1/16π), (v) the bulk viscosity coefficient
ζ = −1/16π and finally (vi) an external force given by Fa = Tmaℓm. Thus Eq. (104) has the form of a
Navier-Stokes equation for a fluid with the convective derivative replaced by the Lie derivative. Since
this equation and its interpretation have been extensively discussed in the references cited earlier, we
will not repeat them and will confine ourselves to highlighting the dissipation term.
In order to interpret the dissipation term we start from the heat density q = −4P abcd∇aℓc∇bℓd
(i.e., heat content per unit null surface volume
√
qd2xdλ) used in the variational principle, where
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P abcd = (1/2)(δ
a
c δ
b
d − δadδbc) and ℓa is the null generator of the null surface. To connect up the heat
density with the dissipation term [25] we consider a virtual displacement of the null surface in which
the volume changes by δAδλ, where δA is a small area element on the two-surface (i.e.,
√
qd2x). Then
qδAdλ represents the change in heat content of the null surface, which is obtained by multiplying the
heat density q with the infinitesimal 3-volume element on the null surface. Expanding the expression
for the heat density and introducing temperature through local Rindler horizon [25] we obtain,
qδAdλ
8π
= −δAdλ (2ησabσab + ζΘ2)+ 1
2
κ
2π
dδA (106)
where the first term represents the (virtual) dissipation of a viscous fluid during the evolution of the
small area element δA of the null surface along the null generator and has the following expression,
dE = δAdλ
(
2ησabσ
ab + ζΘ2
)
=
1
8π
δAdλ D (107)
So the combination D = (ΘabΘab −Θ2) represents the dissipation as we have mentioned earlier. The
second term in Eq. (106) can be interpreted as (1/2)kT dN , where T = (κ/2π) and dN is the degrees
of freedom on the null surface corresponding to the change in area δA. For affinely parametrized null
generator κ = 0, which would lead to,
qδAdλ
8π
= −δAdλ (2ησabσab + ζΘ2) = 1
8π
δAdλ D (108)
Thus for affinely parametrized null generators the change in the heat content is solely due to the
dissipation term D.
Having derived Navier-Stokes equation from the projection of gravitational momentum P a(ξ) on
the null surface, we will now take up the task of projecting it along ka and ℓa respectively and retrieve
the thermodynamic information encoded in them.
7.2 A Thermodynamic Identity for the null surface
It has been shown that in a wide class of gravity theories, the gravitational field equations near a
horizon imply a thermodynamic identity Tδλ¯S = δλ¯E + Pδλ¯V where the variations are interpreted
as being due to virtual displacement of the null surface along the affine parameter λ¯ of ka. This
result was first obtained for general relativity and Lanczos-Lovelock theories of gravity when (i) the
spacetime admits some symmetry, e.g. staticity or spherical symmetry and (ii) has a horizon. This
may suggest that this connection — between the field equations and a thermodynamic identity — is
a specific phenomenon that occurs only in solutions containing horizons. But this illusion is broken
in [33] for general relativity and in [34] for Lanczos-Lovelock theories of gravity. There it was shown
that gravitational field equations near any generic null surface in both general relativity and Lanczos-
Lovelock theories of gravity lead to a relation: Tδλ¯S = δλ¯E + Pδλ¯V .
Here we will show that this thermodynamic identity is also contained in the gravitational momentum
for ξa and can be retrieved from its component along ℓa which is contained in the projection P a(ξ)ka
(which picks out the component along ℓa because k2 = 0 and ℓaka = −1). Since all the details are
similar to the one in [33] we will be quite brief and just indicate the manner in which the result can be
obtained. (For detailed derivation see Appendix C of [33]). From Eq. (18) we obtain,
−kaP a(ξ) = kaJa(ξ)− 2Gabξbka (109)
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In the second term we can use the field equations, i.e., 2Gab = Tab leading to the combination Tabξ
akb,
which is the work function (effective pressure) for the matter (see e.g., [44,45]) which, when integrated
over the two-surface, will yield the average force F¯ due to matter flux on the surface. The first term,
viz., the projection of the Noether current kaJ
a(ξ) has been evaluated explicitly in the earlier work [33].
Using this result from ref. [33] for the projection of the Noether current we arrive at:
F¯ δλ¯ = Tδλ¯S − δλ¯E , (110)
In this expression, F¯ stands for the average force on the null surface, T corresponds to the null surface
temperature obtained using local Rindler observers, S = (A/4) is the entropy and E represents the
energy given by:
E =
1
2
∫
dλ¯
(χ
2
)
− 1
8π
∫
d2x∂u
√
q − 1
16π
∫
dλ¯
∫
d2x
√
q
{
1
2
βAβ
A
}
. (111)
where χ stands for the Euler characteristics of the two-surface. (For a detailed discussion see [33]).
A simpler expression covering most of the interesting cases is obtained by setting (a) βA|r=0 = 0 and
(ii) ∂Aα = 0 on the null surface [33]. On imposing these conditions we arrive at the following simpler
expression for energy as,
E =
1
2
∫
dλ¯
(χ
2
)
− 1
8π
∫
d2x∂u
√
q =
1
2
∫
dλ¯
(χ
2
)
− 1
8π
∂uA (112)
Hence the projection of the gravitational momentum along ℓa is equivalent to thermodynamic identity.
7.3 Evolution of the null surface
Finally, we consider the component of the gravitational momentum P a[ξ] along ka. If we expand any
vector in the basis (ℓa, ka, eaA) as v
a = Aℓa+Bka+CAeaA, the component along k
a, is obtained by the
contraction ℓav
a, since ℓ2 = 0 and ℓak
a = −1 on the null surface. For a given null surface we will use
our adapted coordinates, i.e., GNC and will show that this component is intimately connected with
spacetime evolution.
In the adapted coordinate system the scalar −ℓaP a(ξ) has the following expression,
−16πℓaP a(ξ) = ℓagbc£ξNabc = 2£ξN rur + qAB£ξN rAB (113)
where the first line follows from the fact that on the null surface ℓ2 = 0. Both the Lie variation terms
have been calculated in Appendix B explicitly. From the expressions obtained there the projection of
gravitational momentum turns out to be (see Eq. (210) and Eq. (224) of Appendix B),
−16πℓaP a(ξ) = ℓagbc£ξNabc = 2∂λα+ 2D +
2√
q
∂2λ
√
q (114)
Here D represents the dissipation term obtained through the Navier-Stokes equation and has the
definition D = (ΘabΘab −Θ2).
To get a physical interpretation we integrate this expression over the null surface with volume
measure
√
qd2xdλ (for the null vector ℓa the parameter λ is just u) and divide by proper factors of π,
and ignore the surface term (which arises from the third term) to obtain:
1
16π
∫
dλd2x
√
qℓag
ij£ξN
a
ij =
1
8π
∫
dλd2x
√
qD +
∫
d2x sdT (115)
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where s =
√
q/4 and dT ≡ (dT/dλ)dλ. This leads to the result that ℓaP a(ξ) and ℓagbc£ξNabc can be
interpreted as the heating rate of the null surface per unit area. Integrated over the affine parameter
dλ and the proper area
√
q d2x, it leads to the heating due to the dissipation (given by the first term
in the right hand side) and the integral of sdT which is the second term.
Incidentally, a similar interpretation can be given for the matter energy flux which crosses the null
surface as well. Using a corresponding expression for Rabℓ
aξb and using the field equations, we can
easily show that (see Eq. (211) of Appendix B)
Tabℓ
aℓb =
1√
q
( α
2π
) ∂
∂u
(√
q
4
)
− 1
8π
D − 1
8π
1√
q
∂2
√
q
∂u2
(116)
Integrating both sides over the null surface and ignoring boundary contributions at the ends of inte-
gration of affine parameter, we get
∫
d2xdλ
√
qTabℓ
aℓb +
1
8π
∫
d2xdλ
√
qD =
∫
d2xTds (117)
This tells us that the heating due to matter flux plus the heat generated by the dissipation is equal to
the integral of T∂us over the null surface. This reconfirms the earlier interpretation of the projection
of the momentum contributing to the heating of the null surface.
These results can be used to re-express the heat content of the null surface which was used in the
thermodynamic variational principle. Two equivalent forms of the variational principle, which differ
by a total divergence can be given based on Rabℓ
aℓb and the Lie variation term. These two variational
principles (neglecting surface contributions) have the following expressions
Q1 ≡
∫
dλd2x
√
q
(
− 1
8π
Rabℓ
aℓb + Tabℓ
aℓb
)
=
∫
dλd2x
√
q
[ 1
8π
D + Tabℓaℓb
]
−
∫
d2x Tds (118)
and,
Q2 ≡
∫
dλd2x
√
q
[
1
16π
ℓag
ij£ξN
a
ij + Tabℓ
aℓb
]
=
∫
dλd2x
√
q
[ 1
8π
D + Tabℓaℓb
]
+
∫
d2x sdT (119)
Note that both these variational principles have the dissipation term D and matter energy flux through
the null surface Tabℓ
aℓb in common. However Q1 is connected to TdS while Q2 is connected to SdT .
Thus both the variational principles have thermodynamic interpretation.
8 Conclusions
Since we have described the physical consequences of the results in the various sections themselves, we
shall limit ourselves to summarising the key conclusions in this section.
• There is considerable amount of evidence to suggest that gravitational field equations have the
same status as, say, the equations of fluid mechanics. They describe the macroscopic, thermody-
namic, limit of an underlying statistical mechanics of the microscopic degrees of freedom of the
spacetime. The macro and micro descriptions are connected through the heat density Ts of the
spacetime. Here, the temperature T arises from the interpretation of the null surfaces as local
Rindler horizons. The entropy density is a phenomenological input, the form of which determines
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the theory. For a very wide class of theories, it can be defined in terms of a function F (Rcdab, δ
i
j)
built from (2,2) curvature tensor Rcdab and the Kronecker deltas, as:
s = −1
8
√
qP abcd ǫabǫ
cd; P abcd =
∂F
∂Rcdab
; ∇aP abcd = 0 (120)
• Given a Vector field va, one can construct three currents: (a) the Noether current Ja(v), (b)
the gravitational momentum P a(v) and (c) the reduced gravitational momentum Pa(v). Inter-
estingly enough, one can attribute thermodynamic meaning to these quantities which are usually
considered to be geometrical. For example, the conserved current Ja, associated with the time-
development vector ξa of the spacetime, leads to a conserved charge (i.e., integral of uaJ
a(ξ)
defined either on a spacelike surface or on a null surface) that can be related to the boundary
heat density Ts, where T is the Unruh-Davies temperature and s stands for entropy density.
• One can also define the notion of gravitational momentum P a for all the Lanczos-Lovelock models
of gravity such that ∇a(P a +Ma) = 0 (where Ma is the momentum density of matter) for all
observers, leads to the field equation of the Lanczos-Lovelock model. This generalizes a previous
result for general relativity.
• The field equations can also be derived from a thermodynamic variational principle, which essen-
tially extremises the total heat density of all the null surfaces in the spacetime. This variational
principle can be expressed directly in terms of the total gravitational momentum, thereby pro-
viding it with a simple physical interpretation.
• One can associate with any null surface the two null vector fields ℓa, ka with ℓaka = −1 and
ℓa being the tangent vector to the congruence defining the null surface, as well as the 2-metric
qab = gab + ℓakb + ℓbka. These structures define three natural projections of the gravitational
momentum (P aℓa, P
aka, P
aqab), all of which have thermodynamic significance. The first one
leads to the description of time evolution of the null surface in terms of suitably defined bulk and
surface degrees of freedom; the second leads to a thermodynamic identity which can be written
in the form TdS = dE + PdV ; the third leads to a Navier-Stokes equation for the transverse
degrees of freedom on the null surface which can be interpreted as a drift velocity.
These results again demonstrate that the emergent gravity paradigm enriches our understanding of the
spacetime dynamics and the structure of null surfaces, by allowing a rich variety of thermodynamic
backdrops for the geometrical variables.
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Appendices
A General Analysis Regarding Null Surfaces
We will start with a null vector ℓa = A∇aB, which satisfies the condition ℓ2 = 0 only over a single
surface, which is the null surface under our consideration. Then we obtain
ℓa∇aℓb = κℓb (121)
where we have the following expression for κ
κ = ℓa∂a lnA+ κ˜; κ˜ = −1
2
ka∂aℓ
2 (122)
The last relation defining κ˜ can also be written as ∇aℓ2 = 2κ˜ℓa. The derivation of the result goes
as follows, let us expand ∇bℓ2 in canonical null basis, i.e., ∇aℓ2 = Cℓa + Dka + EAeAa . Then both
EA = e
a
A∇aℓ2 and D = −ℓa∇aℓ2 vanishes, since variation of ℓ2 along the null surface vanishes. This
shows that the only non-zero component of ∇aℓ2 is along ℓa. Then it turns out that [43]
∇iℓi = Θ+ κ+ κ˜ (123)
where, Θ = qmaqmb∇aℓb. Note that the term κ˜ enters the picture as ℓ2 = 0 only on the null surface.
With this setup let us now find out Rabℓ
aℓb in detail, which leads to,
Rabℓ
aℓb = ℓj
(∇i∇jℓi −∇j∇iℓi)
= ∇i
(
ℓj∇jℓi
)−∇j (ℓj∇iℓi)−∇iℓj∇jℓi + (∇iℓi)2
= ∇i
(
ℓj∇jℓi − ℓi∇jℓj
)− (∇iℓj∇jℓi − (∇iℓi)2
)
(124)
However in general, ℓj∇jℓi = κℓi is not true, it only holds on the null surface (when ℓ2 = 0 everywhere
this relation is also true everywhere). Since we were doing the calculation for the most general case,
ℓ2 6= 0 in the above expression we cannot substitute ℓj∇jℓi = κℓi, since it appears inside the derivative.
Thus for the special case when ℓ2 = 0 everywhere, we will arrive at the following result
Rabℓ
aℓb = −∇i
(
Θℓi
)− (∇iℓj∇jℓi − (∇iℓi)2
)
(125)
In order to simplify things quiet a bit we will compute the last term
(
∇iℓj∇jℓi −
(∇iℓi)2
)
which we
designate by S. Then we start by calculating the following object on the null surface
Θab = qamq
b
n∇mℓn
= (δam + ℓ
akm + k
aℓm)
(
δbn + ℓ
bkn + k
bℓn
)∇mℓn
= ∇aℓb + ℓakm∇mℓb + κkaℓb + ℓbkn∇aℓn + ℓaℓbkmkn∇mℓn
− κkaℓb + κ˜ℓakb − κ˜ℓakb + κkakbℓ2
= ∇aℓb + ℓakm∇mℓb + ℓbkn∇aℓn + ℓaℓbkmkn∇mℓn (126)
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In arriving at the third line we have used the following results: ℓa∇aℓi = κℓi and ℓa∇bℓa = κ˜ℓb. Then
we can reverse the above equation leading to
∇aℓb = Θab − ℓakm∇mℓb − ℓbkn∇aℓn − ℓaℓbkmkn∇mℓn (127)
From the above equation we can derive two very important identity:
(∇aℓb)
(∇aℓb) = ΘabΘab + ℓaℓbkm∇mℓbkn∇aℓn + ℓaℓbkn∇aℓnkm∇mℓb
= ΘabΘ
ab + 2 (κ˜kmℓm) (κℓnk
n)
= ΘabΘ
ab + 2κκ˜ (128)
In the same spirit we will arrive at
(∇aℓb)
(∇bℓa) = ΘabΘab + ℓaℓbkn∇aℓnkm∇bℓm + ℓaℓbkm∇mℓakn∇nℓb
= ΘabΘ
ab + (κ˜kmℓm) (κ˜k
nℓn) + (κℓnk
n) (κℓmk
m)
= ΘabΘ
ab + κ2 + κ˜2 (129)
The extrinsic curvature for null surfaces, i.e., Θab can be given a very natural interpretation. This
essentially follows from [43]. There the expression for Θab in terms of Lie variation of qab along the null
generator ℓa was obtained as,
Θab =
1
2
qma q
n
b £ℓqmn (130)
Now expanding out the Lie derivative term we obtain,
£ℓqmn = ℓ
i∂iqmn + qma∂nℓ
a + qan∂mℓ
a (131)
Which on being substituted in Eq. (130) immediately leads to,
Θab =
1
2
qma q
n
b ℓ
i∂iqmn +
1
2
qaiq
n
b ∂nℓ
i +
1
2
qbiq
m
a ∂mℓ
i (132)
Now on the null surface qab = qAB as the only non-zero component. Hence the above equation can be
written as,
Θab = ΘAB =
1
2
d
dλ
qAB +
1
2
qAC∂Bℓ
C +
1
2
qBC∂Aℓ
C (133)
On the null surface qab ℓ
b = 0, which in this coordinate system leads to ℓA = 0 on the null surface. Since
∂Aℓ
2 represent derivatives on the null surface it also vanishes. If ℓ2 = 0 everywhere, then also ℓA is
identically zero everywhere. Hence we have
Θab =
1
2
d
dλ
qAB (134)
There is another way to get this result. If eaA are the basis vectors on the null surface and if ℓa, e
a
A
forms coordinate basis vectors, then qAB = qabe
a
Ae
b
B is a scalar under 4-dimensional coordinate trans-
formation. This immediately leads to the previous expression. For more discussions along identical
lines see [43].
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Now the expression for the quantity S can be obtained as
S = ∇iℓj∇jℓi −
(∇iℓi)2
= ΘabΘ
ab + κ2 + κ˜2 − (Θ + κ+ κ˜)2
=
(
ΘabΘ
ab −Θ2)− 2Θ (κ+ κ˜)− 2κκ˜ (135)
Using the general expression for Rabℓ
aℓb we obtain the following form:
Rabℓ
aℓb = ∇i
(
ℓj∇jℓi − ℓi∇jℓj
)− S
= ∇i
(
ℓj∇jℓi − ℓi∇jℓj
)− (ΘabΘab −Θ2)+ 2Θ (κ+ κ˜) + 2κκ˜ (136)
For the situation where, ℓ2 = 0 everywhere we finally arrive at the following simplified expression
Rabℓ
aℓb = − (ΘabΘab −Θ2)+ 2Θκ+∇i (κℓi − [Θ + κ] ℓi)
= − (ΘabΘab −Θ2)+Θκ− 1√
q
d
dλ
(
√
qΘ) (137)
Let us now try to derive the Raychaudhuri equation starting from the basic properties of null surfaces.
We start with the following result
ℓa∇a (∇cℓd) = ℓa∇a∇cℓd
= Rdbacℓ
aℓb + ℓa∇c∇aℓd
= ∇c (ℓa∇aℓd)−∇aℓd∇cℓa −Rbdacℓbℓa (138)
Then contraction of the indices c, d leads to the following result
ℓa∇a (∇cℓc) = ∇c (ℓa∇aℓc)−∇aℓb∇bℓa −Rabℓaℓb (139)
Otherwise we can rewrite it in a different manner which exactly coincide with Eq. (124). On using
Eq. (129) and the decomposition: Θab = (1/2)Θqab + σab + ωab we arrive at
ℓa∇a (∇cℓc)−∇c (ℓa∇aℓc) = −ΘabΘab − κ2 − κ˜2 −Rabℓaℓb
= −1
2
Θ2 − σabσab + ωabωab − κ2 − κ˜2 −Rabℓaℓb (140)
For the situation where, ℓ2 = 0 the left hand side is just: d (Θ + κ) /dλ and the first term on the right
hand side is dκ/dλ+ κ(Θ + κ) the above equation leads to
dΘ
dλ
= κΘ+ κ2 −∇aℓb∇bℓa −Rabℓaℓb
= κΘ−ΘabΘab −Rabℓaℓb
= κΘ− 1
2
Θ2 − σabσab + ωabωab −Rabℓaℓb (141)
where to arrive at the last line we have used the following decomposition: Θab = (1/2)Θqab+σab+ωab.
This is precisely the one obtained in [12] though in a completely different manner.
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The next object to consider is the quantity ℓaJ
a(ℓ). This can be obtained by using the identity for
Noether current leading to,
1
A
ℓaJ
a(ℓ) = ∇b
({
ℓaℓb − ℓ2gab} ∇aA
A2
)
= ∇b
[
1
A
ℓb (κ− κ˜)
]
−∇b
(
ℓ2
∇bA
A2
)
=
1
A
∇i
[
(κ− κ˜) ℓi]− 1
A
(κ− κ˜)2 − ∇
bA
A2
∇bℓ2
=
1
A
∇i
[
(κ− κ˜) ℓi]− 1
A
(κ− κ˜)2 − 2
A
κ˜ (κ− κ˜) (142)
This can be written in a slightly modified manner as,
ℓaJ
a(ℓ) = ∇i
[
(κ− κ˜) ℓi]− (κ2 − κ˜2)
= ℓi∇i (κ− κ˜) + (κ− κ˜) (Θ + κ+ κ˜)−
(
κ2 − κ˜2)
=
d
dλ
(κ− κ˜) + Θ (κ− κ˜) (143)
The above expression can be simplified significantly by noting that Θ = d(ln
√
q)/dλ, which leads to
ℓaJ
a(ℓ) =
1√
q
d
dλ
[(κ− κ˜)√q] (144)
Again, we have
Da [(κ− κ˜) ℓa] =
(
gab + ℓakb + ℓbka
)∇a [(κ− κ˜) ℓb]
= ∇a [(κ− κ˜) ℓa] +
(
ℓakb + ℓbka
)
[(κ− κ˜)∇aℓb + ℓb∇a (κ− κ˜)]
= ∇a [(κ− κ˜) ℓa]− κ (κ− κ˜)− κ˜ (κ− κ˜)− d
dλ
(κ− κ˜) (145)
= (κ− κ˜) (Θ + κ+ κ˜)− (κ2 − κ˜2)
= (κ− κ˜) d ln
√
q
dλ
(146)
Thus we arrive at
ℓaJ
a(ℓ) = Da [(κ− κ˜) ℓa] + d
dλ
(κ− κ˜) + (κ− κ˜) (κ+ κ˜)− (κ2 − κ˜2)
= Da [(κ− κ˜) ℓa] + d
dλ
(κ− κ˜) (147)
From the expression of the Noether current we get,
ℓaJ
a(ℓ) = 2Rabℓ
aℓb + ℓag
ij£ℓN
a
ij (148)
The above equation can be used to write, gab£ℓN
c
ab in terms of κ and Rab. For that purpose we use
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Eq. (1) and insert Eq. (143) leading to
ℓag
ij£ℓN
a
ij = ℓaJ
a(ℓ)− 2Rabℓaℓb
=
d
dλ
(κ− κ˜) + Θ (κ− κ˜)− 2Rabℓaℓb
=
1√
q
d
dλ
[
√
q (κ− κ˜)]− 2Rabℓaℓb
=
2√
q
d
dλ
(
√
qκ)− 2Rabℓaℓb − 1√
q
d
dλ
[
√
q (κ+ κ˜)] (149)
The above expression when integrated over the null surface with integration measure,
√
qd2xdλ and
then being divided by 16π leads to
1
16π
∫
d2xdλ
√
q
{
ℓag
ij£ℓN
a
ij +
1√
q
d
dλ
[
√
q (κ+ κ˜)]
}
=
1
8π
∫
d2x
√
qκ|21 −
1
8π
∫
d2xdλ
√
qRabℓ
aℓb
(150)
Then on using the field equation: Rab = 8π [Tab − (1/2)gabT ] = 8πT¯ab and then being substituted in
Eq. (150) we arrive at the following expression
1
4
∫
d2x
√
q
( κ
2π
)
|21 −
∫
d2xdλ
√
q Tabℓ
aℓb =
1
16π
∫
d2xdλ
√
q
{
ℓag
ij£ℓN
a
ij +
1√
q
d
dλ
[
√
q (κ+ κ˜)]
}
(151)
where the last equality follows from the fact that ℓ2 = 0 on the null surface. The above equation can
be written in a more abstract form as
1
16π
∫
d2xdλ
√
qℓag
ij£ℓN
a
ij =
[
1
4
∫
λ2
d2x
√
q
( κ
2π
)
− 1
4
∫
λ1
d2x
√
q
( κ
2π
)]
−
∫
d2xdλ
√
q Tabℓ
aℓb − 1
16π
∫
d2xdλ
d
dλ
[
√
q (κ+ κ˜)] (152)
As an illustration when ℓ2 = 0 everywhere, we have κ˜ = 0, then Eq. (152) leads to,
1
16π
∫
d2xdλ
√
qℓag
ij£ℓN
a
ij =
1
2
[∫
λ2
d2x
√
q
4
( κ
2π
)
−
∫
λ1
d2x
√
q
4
( κ
2π
)]
−
∫
d2xdλ
√
q Tabℓ
aℓb (153)
We will now try to obtain an expression for the quantity ℓag
ij£ℓN
a
ij independently. For that we start
with the symmetric and anti-symmetric part of the derivative ∇aℓb such that:
Sab = ∇aℓb +∇bℓa, Jab = ∇aℓb −∇bℓa (154)
Then we have the following result: ∇aℓb = (1/2)(Sab+Jab), which on being substituted in the identity:
∇b
(∇aℓb)−∇a (∇bℓb) = Rab ℓb (155)
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leads to the following identification:
gab£ℓN
c
ab = −∇b
(
Sbc − gbcS) (156)
Hence we arrive at the following relation:
ℓag
bc£ℓN
a
bc = −ℓa∇b
[∇aℓb +∇bℓa − 2gab∇cℓc]
= −∇b
[
ℓa∇aℓb + ℓa∇bℓa − 2ℓb (∇cℓc)
]
+∇aℓb∇bℓa +∇aℓb∇aℓb − 2 (∇cℓc)2
= −∇b
[
ℓa∇aℓb + ℓa∇bℓa − 2ℓb (∇cℓc)
]
+ 2ΘabΘ
ab + (κ+ κ˜)
2 − 2 (Θ + κ+ κ˜)2
= −∇b
[
ℓa∇aℓb + ℓa∇bℓa − 2ℓb (∇cℓc)
]
+ 2
(
ΘabΘ
ab −Θ2)− 4Θ (κ+ κ˜)− (κ+ κ˜)2 (157)
For the case ℓ2 = 0 the term within bracket can be written in a simplified manner such that Lie
derivative term gets simplified leading to:
ℓag
bc£ℓN
a
bc = 2
(
ΘabΘ
ab −Θ2)− 4Θκ− κ2 +∇b [(2Θ + κ) ℓb]
= 2
(
ΘabΘ
ab −Θ2)− 4Θκ− κ2 + (2Θ+ κ) (Θ + κ) + d
dλ
(2Θ + κ)
= 2
(
ΘabΘ
ab −Θ2)−Θκ+ d
dλ
κ+
2√
q
d
dλ
(
√
qΘ) (158)
If the null generator is affinely parametrized then κ = 0 and Eq. (158) reduces to:
ℓag
bc£ℓN
a
bc = 2
(
ΘabΘ
ab −Θ2)+ 2√
q
d
dλ
(
√
qΘ) (159)
While for the null generator ℓa in GNC we have (see Appendix B Eq. (200)):
ℓag
bc£ℓN
a
bc = 2
(
ΘabΘ
ab −Θ2)+ 2√
q
d2
√
q
dλ2
+ 2
dκ
dλ
− 2√
q
d
dλ
(
√
qκ) (160)
Through the above analysis we have obtained expressions for ℓaJ
a(ℓ), Rabℓ
aℓb and ℓag
bc£ℓN
a
bc.
It turns out from the above analysis that ΘabΘ
ab − Θ2 can be given a more physical meaning by
considering Lie variation of gravitational momentum. This can be obtained by considering variation of
the gravitational momentum first:
qabδΠ
ab = qabδ
[√
q
(
Θab −Θqab)]
= qab
√
qδΘab − 2√qδΘ−√qΘqabδqab −Θδ√q
=
√
qqabδΘ
ab − 2√qδΘ+Θδ√q (161)
Now specializing to Lie variation we arrive at:
−qab£ℓΠab = −Θ£ℓ√q −√qqab£ℓΘab + 2√q£ℓΘ
= −√q£ℓΘ+√qΘab£ℓqab −Θ£ℓ√q + 2√q£ℓΘ
= 2
√
q
(
ΘabΘab −Θ2
)
+£ℓ (
√
qΘ)
=
√
qℓag
bc£ℓN
a
bc −
d2
√
q
dλ2
(162)
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where in the last line we have used Eq. (159). Here the quantities Θab and Θ can be defined as: Θab =
(1/2)£ℓqab and Θ = £ℓ ln
√
q. In GNC parametrization: (1/2)£ℓqab = (1/2)∂uqab and £ℓ ln
√
q =
∂u ln
√
q. Thus the Lie variation of gravitational momentum for affine parametrization is directly
related to D, i.e. to (ΘabΘab −Θ2).
For non-affine parametrization the gravitational momentum associated with null surfaces can be
taken as Πab =
√
q(Θab − (Θ + κ)qab). Then we readily arrive at the Lie variation expression:
−qab£ℓΠab = 2√q
(
ΘabΘab −Θ2
)
+£ℓ (
√
qΘ) + 2
√
q£ℓκ (163)
Since κ is a scalar Lie variation term can be written as: £ℓκ = dκ/dλ, where λ is the parameter along
ℓa. If we consider the null generator ℓa from GNC then we arrive at (see Eq. (160)):
−qab£ℓΠab = √qℓagbc£ℓNabc −
d2
√
q
dλ2
+
2√
q
d
dλ
(
√
qκ) (164)
while if we have defined the conjugate momenta Πab as Πab =
√
q(Θab−Θqab), then the above relation
could have been written as,
−qab£ℓΠab = √qℓagbc£ℓNabc −
d2
√
q
dλ2
+ 2κ
d
dλ
(
√
q) (165)
B Derivation of Various Expressions Used in Text
This appendix will contain derivations of most of the results that we have used in the main text. The
derivations will be arranged in the same order as that in the main text. First we will present derivations
related to the Navier-Stokes equation and then we will present the requisite derivations of subsequent
sections.
B.1 Derivation Regarding Navier-Stokes Equation
The first thing to compute is the Lie derivative of the object N cab. This can be obtained starting from
the first principle, i.e., using expression for N cab in terms of Γ
a
bc and then using Lie variation of the
connection. This immediately leads to:
£vN
a
bc = Q
ad
be£vΓ
e
cd +Q
ad
ce£vΓ
e
bd
= Qadbe (∇c∇dve +Redmcvm) +Qadce (∇b∇dve +Redmbvm)
=
1
2
(
δab∇c∇dvd + δac∇b∇dvd
)− 1
2
(∇b∇cva +∇c∇bva)
− 1
2
(Rabmc +R
a
cmb) v
m (166)
In the above expression the second term in the last line can be written as:
(∇b∇cva +∇c∇bva) = 2∂b∂cva + 2Γabd∂cvd + 2Γacd∂bvd − 2Γdbc∂dva
+ vd (∂bΓ
a
cd + ∂cΓ
a
bd)− 2ΓdbcΓadeve + ΓabdΓdceve + ΓacdΓdbeve (167)
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In order to compute the Lie variation of N cab along the transverse direction we need the two objects
£ℓN
A
ur and £ℓN
A
BC . For the evaluation of £ℓN
A
ur the following identities will be useful:
(∇b∇cℓa +∇c∇bℓa)Aur = 2∂u∂rℓA + 2ΓAud∂rℓd + 2ΓArd∂uℓd − 2Γdur∂dℓA
+ vd
(
∂uΓ
A
rd + ∂rΓ
A
ud
)− 2ΓdurΓAdeℓe + ΓAudΓdreve + ΓArdΓdueℓe
= 2∂uβ
A + 4αΓAur + 2β
BΓAuB − 2βAΓrur + ∂uΓAru + ∂rΓAuu
− 2ΓdurΓAdu + ΓAudΓdur + ΓArdΓduu (168)
and
(∇b∇cℓa +∇c∇bℓa)Aur + [(Rabmc +Racmb) ℓm]Aur = 2∂uβA + 4αΓAur + 2βBΓAuB − 2βAΓrur
+ ∂uΓ
A
ru + ∂rΓ
A
uu − 2ΓdurΓAdu + ΓAudΓdur + ΓArdΓduu +RAuur
= 2∂uβ
A + 2βBΓAuB + 2∂uΓ
A
ur
= ∂uβ
A + βBqAC∂uqBC (169)
While for £ℓN
A
BC we have:
(∇b∇cℓa +∇c∇bℓa)ABC + [(Rabmc +Racmb) ℓm]ABC = −2βAΓrBC + ∂BΓAuC + ∂CΓAuB − 2ΓdBCΓAud
+ ΓABdΓ
d
uC + Γ
A
CdΓ
d
uB + ∂uΓˆ
A
BC − ∂CΓABu + ΓAudΓdBC
− ΓACdΓduB + ∂uΓˆABC − ∂BΓACu + ΓAudΓdBC − ΓABdΓduC
= −2βAΓrBC + 2∂uΓˆABC (170)
These are the expressions used to get expressions in Section 7.1. From the vector Ωa given in Eq. (96)
we can calculate the Lie variation along ℓa leading to,
£ℓΩn = ℓ
m∂mΩn +Ωm∂nℓ
m
=
(
0,
1
2
βAβ
A,
1
2
∂uβA
)
(171)
and equivalently,
£ℓΩ
n = ℓm∂mΩ
n − Ωm∂mℓn
=
(
0, 0,
1
2
∂uβ
A
)
(172)
Also,
DmΘ
m
a = ∂BΘ
B
A + ∂C ln
√
qΘCA − ΓˆCABΘBC
=
1
2
∂B
(
qBC∂uqAC
)
+
1
2
qCD∂C ln
√
q∂uqAD − 1
2
qBD∂uqCDΓˆ
C
AB (173)
Using these results we finally obtain,
qna£ℓΩn +DmΘ
m
a +ΘΩa −Da (Θ + α) =
1
2
∂uβA + ∂B
(
1
2
qBC∂uqAC
)
+
1
2
qCD∂uqAD∂C ln
√
q − 1
2
qBD∂uqCDΓˆ
C
AB + ∂u ln
√
q
1
2
βA − ∂A∂u ln√q − ∂Aα (174)
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In raising the free index of the above equation the following identities can be useful
− qCDqAB∂uqBC∂D ln√q = ∂u
(
qAD∂D ln
√
q
)− qAD∂u∂D ln√q (175a)
∂u
(
qAD∂D ln
√
q
)− qAB∂uqCF∂CqBF − qAB∂D (qCD∂uqBC)
= −∂u
(
qBC ΓˆABC
)
+ qCF∂uq
AB∂CqBF − qAB∂DqCD∂uqBC
= −∂u
(
qBC ΓˆABC
)
(175b)
qABqCD∂uqEDΓˆ
E
BC = Γˆ
A
FC∂uq
CF − qAB∂CqBF∂uqCF (175c)
Moreover we also have:
Rabℓ
aqbc = RuA = GuA =
1
2
∂uβA − ∂Aα+ 1
2
qBC∂u∂BqCA +
1
2
∂Bq
BC∂uqAC − ∂u∂A ln√q
+
1
2
βA∂u ln
√
q +
1
2
qBC∂uqAC∂B ln
√
q − 1
2
qBD∂uqCDΓˆ
C
AB (176)
It can be checked that this expression coincides exactly with Eq. (104) in Section 7.1 as it should.
To bring out the physics associated with Noether current and its various projections we compute
the Noether potential and hence the Noether current completely in GNC for the vector ξa. To start
with we provide all the components of the tensor ∇aξb, which are:
(∇aξb)uu = −r∂uα; (∇aξb)ur = α+ r∂rα; (∇aξb)ru = −α− r∂rα (177)
(∇aξb)uA = r∂Aα− r∂uβA; (∇aξb)Au = −r∂Aα; (∇aξb)rA = −
1
2
βA − 1
2
r∂rβA (178)
(∇aξb)rr = 0; (∇aξb)Ar =
1
2
βA +
1
2
r∂rβA;
(∇aξb)AB =
1
2
∂uqAB +
1
2
r (∂AβB − ∂BβA) ; (∇aξb)BA =
1
2
∂uqAB − 1
2
r (∂AβB − ∂BβA) (179)
Then components of Noether potential Jab = ∇aξb −∇bξa have the following expression:
Juu = 0; Jur = 2α+ 2r∂rα; JuA = 2r∂Aα− r∂uβA (180)
JrA = −βA − r∂rβA; JAB = r (∂AβB − ∂BβA) (181)
The upper components of Noether potential can be obtained as
Juu = 0; Jur = −2α− 2r∂rα− rβAβA − r2βA∂rβA (182)
JuA = −βA − rqAB∂rβB; Jrr = r3βAβB (∂AβB − ∂BβA) (183)
JrA = 2rqAB∂Bα− rqAB∂uβB − 2r2αqAB∂rβB − r3β2qAB∂rβB
− r2qABβC (∂BβC − ∂CβB) + 2r2βA∂rα− r3βAβB∂rβB (184)
JAB = −rβAqBC (βC + r∂rβC) + rβBqAC (βC + r∂rβC) + rqACqBD (∂CβD − ∂DβC) (185)
Using the above components of Noether potential the components of Noether current can be obtained
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as
Ju(ξ) = −4∂rα− β2 − 2α∂r ln√q − 1√
q
∂A
(√
qβA
)
(186)
Jr(ξ) = 2α∂u ln
√
q + 2∂uα (187)
JA(ξ) =
1√
q
∂u
(√
qβA
)
+ qAB∂uβB − 2qAB∂Bα (188)
Note that kaJ
a(ξ) = −Ju(ξ), qab Jb(ξ) = JA(ξ) and finally ℓaJa(ξ) = Jr(ξ). As we will see all of them
matches with our desired expressions. Also in the stationary limit we have ∂uα = ∂uβA = ∂uqAB = 0,
which in particular tells us that Jr = 0. Hence in the static limit Noether current is on the null surface
since its component along ka (which is −ℓaJa(ξ)) vanishes. Also in this case we have:
(∇b∇cξa +∇c∇bξa)Aur + [(Rabmc +Racmb) ξm]Aur = ∂uΓAru + ∂rΓAuu − ΓdurΓAdu + ΓArdΓduu +RAuur
= 2∂uΓ
A
ur = −∂uβA (189)
as well as,
(∇b∇cξa +∇c∇bξa)ABC + [(Rabmc +Racmb) ξm]ABC = ∂BΓAuC + ∂CΓAuB − 2ΓdBCΓAud
+ ΓABdΓ
d
uC + Γ
A
CdΓ
d
uB + ∂uΓˆ
A
BC − ∂CΓABu + ΓAudΓdBC
− ΓACdΓduB + ∂uΓˆABC − ∂BΓACu + ΓAudΓdBC − ΓABdΓduC
= 2∂uΓˆ
A
BC (190)
Using these two results we arrive at:
£ξN
A
ur =
1
2
∂uβ
A (191)
£ξN
A
BC =
1
2
δAB∂CΘ+
1
2
δAC∂BΘ− ∂uΓˆABC (192)
These are the expressions used in Section 7.1.
B.2 Derivation Regarding Spacetime Evolution
We need to consider the object ℓag
ij£ℓN
a
ij in GNC. This in turn requires us to obtain expressions
for £ℓN
r
ur and £ℓN
r
AB. Then using the identity for Lie variation of N
c
ab we can obtain both the Lie
variations. For that purpose we have:
1
2
(
δab∇c∇dℓd + δac∇b∇dℓd
)r
ur
=
1
2
∂uΘ+ ∂uα (193)(
∇b∇cℓa +∇c∇bℓa
)r
ur
= 2∂uα (194)[
− 1
2
(
Rabmc +R
a
cmb
)
ℓm
]r
ur
= 0 (195)
(
∇b∇cℓa +∇c∇bℓa
)r
AB
= α∂uqAB − 1
2
qCD∂uqAC∂uqBD (196)[
− 1
2
(
Rabmc +R
a
cmb
)
ℓm
]r
AB
= −1
2
α∂uqAB +
1
2
∂2uqAB −
1
4
qCD∂uqAC∂uqBD (197)
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This immediately leads to
£ℓN
r
ur =
1
2
∂2u ln
√
q (198)
£ℓN
r
AB = −α∂uqAB +
1
2
∂2uqAB (199)
Combining all the pieces and using the results Θ = ∂u ln
√
q and ΘAB = (1/2)∂uqAB, which is the only
non-zero component of Θab, [43] we finally obtain
ℓag
ij£ℓN
a
ij = 2£ℓN
r
ur + q
AB£ℓN
r
AB
= −2α∂u ln√q + 2∂2u ln
√
q − 1
2
∂uqAB∂uq
AB
= 2∂uα+ 2
(
ΘabΘ
ab −Θ2)+ 2√
q
d2
√
q
du2
− 2√
q
d
du
(
√
qα) (200)
which can also be obtained from a completely different viewpoint. For sake of completeness we will
illustrate the alternative methods as well. For the null vector ℓa in the adapted GNC system we have:
(ℓc∇cℓa)u = α+ rβ2 +O(r2); (ℓc∇cℓa)r = r∂uα+ 2rα2 +O(r2)
(ℓc∇cℓa)A = rαβA + rqCA∂Cα+O(r2) (201)
Hence on r = 0 surface, we have κ = α, as well as, κ˜ = −(1/2)ka∇aℓ2 = α. Now we will use the
Raychaudhuri equation to get Rabℓ
aℓb and hence the Lie variation term. In this case we have, du = dλ,
thus Raychaudhuri equation reduces to the following form (see Eq. (139))
ℓa∇a (Θ + 2α) = ∇c (ℓa∇aℓc)−∇aℓb∇bℓa −Rabℓaℓb (202)
Where, the Θ + 2α term comes from ∇iℓi. Then we have,
∇c (ℓa∇aℓc) = ∂c (ℓa∇aℓc) + ℓa∇aℓc∂c ln√q
= 2α2 + α∂u ln
√
q + 2∂uα (203)
Thus non zero components of Bab = ∇aℓb are as follows:
Bur = α; BrA =
1
2
βA; BAC =
1
2
∂uqAC (204)
From which it can be easily derived that, BabB
ba = 2α2 − (1/4)∂uqAB∂uqAB. Thus we obtain
Rabℓ
aℓb = −∂uΘ+ 2α2 +Θα−BabBba
= αΘ− 1
2
qAB∂2uqAB −
1
4
∂uqAB∂uq
AB
= αΘ− 1√
q
∂2u
√
q + (∂u ln
√
q)
2 −ΘabΘab (205)
where Θab has the only non-zero component to be, ΘAB = (1/2)∂uqAB. For the GNC null normal ℓa,
the Noether current vanishes, such that Lie variation of Nabc turns out to have the following expression
ℓag
ij£ℓN
a
ij = −2Rabℓaℓb
= 2∂uα+ 2
(
ΘabΘ
ab −Θ2)+ 2√
q
d2
√
q
du2
− 2√
q
d
du
(
√
qα) (206)
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The components of Sab = ∇aℓb +∇bℓa In GNC are as follows:
Suu = 2r∂uα− 4rα2 +O(r2); Sur = 2α+ 2r∂rα+ rβ2 +O(r2)
SuA = −rβB∂uqAB + 2r∂Aα− 2rαβA +O(r2); Srr = 0
SrA = βA + r∂rβA − rβC∂rqCA +O(r2)
SAB = ∂uqAB + 2rα∂rqAB + r (DAβB +DBβA) +O(r2) (207)
Thus the trace at r = 0 leads to: S = 4α+ 2∂u ln
√
q. Thus we arrive at the following expression (see
Eq. (156) of Appendix A)
ℓag
ij£ℓN
a
ij = 2∂u (Θ + 2α)− ∂bSrb − ΓrbcSbc − Src∂c ln
√
q (208)
Then the upper components of Sab necessary for the above computation are the followings:
Sur = Sur + rβ
ASrA = 2α+ 2r∂rα+ 2rβ
2 +O(r2)
Srr = 2r∂uα+ 4rα
2 +O(r2)
SrA = 4αrβA + 2rqAB∂Aα− 2rαβA +O(r2) (209)
The mixed components leads to nothing new so we have not presented them. From Eq. (208) the
expression for Lie derivative can be obtained as:
ℓag
ij£ℓN
a
ij = 2∂u (Θ + 2α)− ∂uSru − ∂rSrr − ∂ASrA + 4α2 + 2ΘabΘab − 2αΘ
= 2
(
ΘabΘ
ab −Θ2)+ 2√
q
d
dλ
(
√
qΘ)− 2αΘ+ 4∂uα+ 4α2 − 4∂uα− 4α2
= 2
(
ΘabΘ
ab −Θ2)+ 2√
q
d
dλ
(
√
qΘ)− 2αΘ (210)
which exactly matches with Eq. (206). The same can be ascertained for Eq. (205) by computing Rabℓ
aℓb
on the null surface i.e. in the r → 0 limit, directly leading to:
Rabℓ
aℓb = Ruu = ∂aΓ
a
uu − ∂uΓaua + ΓauuΓbab − ΓaubΓbua
= ∂uΓ
u
uu + ∂rΓ
r
uu + ∂AΓ
A
uu − ∂2u ln
√
q + Γuuu∂u ln
√
q − ΓaubΓbua
= 2α2 − ∂2u ln
√
q + α∂u ln
√
q − ΓuubΓbuu − ΓrubΓbur − ΓAubΓbuA
= −∂2u ln
√
q + α∂u ln
√
q −ΘabΘab (211)
which under some manipulations will match exactly with Eq. (205). Then in GNC we obtain in identical
fashion, the following expression for heat density,
S = ∇iℓj∇jℓi −
(∇iℓi)2
=
(
2α2 − (1/4)∂uqAB∂uqAB
)− (Θ + 2α)2
= −2α2 − 4αΘ−Θ2 +ΘabΘab (212)
This on integration over the null surface leads to,
1
8π
∫
dud2x
√
qS = 1
8π
∫
dud2x
√
q
(
ΘabΘ
ab −Θ2)− 1
4π
∫
dud2x
√
qα2 − 4
∫
d2xTds (213)
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Let us now write the integral form of Rabℓ
aℓb, for that we note the integration measure to be dud2x
√
q.
Thus on integration with proper measure and (1/8π) factor leads to
1
8π
∫
dud2x
√
qRabℓ
aℓb = − 1
8π
∫
dud2x
√
qD − 1
8π
dA⊥
dλ
∣∣∣2
1
+
∫
d2xTs|21 −
∫
d2xsdT (214)
which can be written in a slightly modified manner as:
1
8π
∫
dud2x
√
qRabℓ
aℓb = − 1
8π
∫
dud2x
√
qD − 1
8π
dA⊥
dλ
∣∣∣2
1
+
∫
d2xTds (215)
Also the Lie variation term (with all the surface contributions kept) on being integrated over the null
surface we obtain
1
16π
∫
dud2x
√
q × ℓagij£ℓNaij =
1
8π
∫
dud2x
√
qD + 1
8π
dA⊥
dλ
∣∣∣2
1
−
∫
d2x
( α
2π
)
d
(√
q
4
)
= −
∫
d2x Tds+
1
8π
∫
dud2x
√
qD + 1
8π
dA⊥
dλ
∣∣∣2
1
(216)
To calculate Lie variation for ξa we need to calculate ∇aξb+∇bξa = Sab. This tensor has the following
components:
Suu = −2r∂uα, Sur = 0
SuA = −r∂uβA, Srr = 0
SrA = 0. SAB = ∂uqAB (217)
Thus in the null limit obtained from the relation: r → 0 we arrive at the result that all the components
of Sab vanishes except for the SAB components. If we want to satisfy the Killing condition for ξ
a on
the null surface we would require ∂uqAB = 0. From the above relations it is clear that ∇aξa = Θ.
Moreover we also have,
κ = −kbξa∇aξb = −Γbackbξaξc = Γuuu = α (218a)
κ˜ = −1
2
kb∇bξ2 = 1
2
∂r (−2rα) = −α (218b)
which shows that for ξa, κ = κ˜. Thus even without the condition ∂uqAB = 0, we arrive at the relation
κ = −κ˜ = α. Moreover Lie variation of Nabc along ξa can be obtained by computing the following
objects:
1
2
(
δab∇c∇dξd + δac∇b∇dξd
)r
ur
=
1
2
∂uΘ (219)(
∇b∇cξa +∇c∇bξa
)r
ur
= −2∂uα (220)[
− 1
2
(
Rabmc +R
a
cmb
)
ξm
]r
ur
= 0 (221)
(
∇b∇cξa +∇c∇bξa
)r
AB
= −α∂uqAB − 1
2
qCD∂uqAC∂uqBD (222)[
− 1
2
(
Rabmc +R
a
cmb
)
ξm
]r
AB
= −1
2
α∂uqAB +
1
2
∂2uqAB −
1
4
qCD∂uqAC∂uqBD (223)
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which can be used to obtain the Lie variation term associated with ξa as,
ℓag
ij£ξN
a
ij = 2∂uα+ 2
(
ΘabΘ
ab − Θ2)+ 2√
q
∂2u
√
q
=
2√
q
∂u (α
√
q) + ℓag
ij£ℓN
a
ij (224)
Then using the momentum Πab =
√
q[Θab − qab(Θ + κ)] conjugate to the induced metric qab from
Eq. (163) we immediately arrive at,
−qab£ξΠab = √qℓagij£ξNaij −
d2
√
q
dλ2
(225)
These expressions are used to obtain Eq. (86). Also the variational principles in this context are:
Q1 =
∫
dλd2x
√
q
(
− 1
8π
Rabℓ
aℓb + Tabℓ
aℓb
)
=
∫
dλd2x
√
q
[ 1
8π
D + Tabℓaℓb
]
−
∫
d2x Tds+
1
8π
dA⊥
dλ
∣∣∣2
1
(226a)
Q2 =
∫
dλd2x
√
q
[
1
16π
ℓag
ij£ξN
a
ij + Tabℓ
aℓb
]
=
∫
dλd2x
√
q
[ 1
8π
D + Tabℓaℓb
]
+
∫
d2x sdT +
1
8π
dA⊥
dλ
∣∣∣2
1
(226b)
These are the expressions used in Section 7.3.
References
[1] J. D. Bekenstein, “Black holes and entropy,” Phys.Rev. D7 (1973) 2333–2346.
[2] J. D. Bekenstein, “Generalized second law of thermodynamics in black hole physics,”
Phys.Rev. D9 (1974) 3292–3300.
[3] S. Hawking, “Particle Creation by Black Holes,” Commun.Math.Phys. 43 (1975) 199–220.
[4] S. Hawking, “Black Holes and Thermodynamics,” Phys.Rev. D13 (1976) 191–197.
[5] P. Davies, “Scalar particle production in Schwarzschild and Rindler metrics,”
J.Phys. A8 (1975) 609–616.
[6] W. Unruh, “Notes on black hole evaporation,” Phys.Rev. D14 (1976) 870.
[7] G. W. Gibbons and S. W. Hawking, “Cosmological Event Horizons, Thermodynamics, and
Particle Creation,” Phys. Rev. D15 (1977) 2738–2751.
[8] V. Iyer and R. M. Wald, “Some properties of Noether charge and a proposal for dynamical black
hole entropy,” Phys.Rev. D50 (1994) 846–864, arXiv:gr-qc/9403028 [gr-qc].
43
[9] T. Padmanabhan, “Thermodynamical Aspects of Gravity: New insights,”
Rept. Prog. Phys. 73 (2010) 046901, arXiv:0911.5004 [gr-qc].
[10] T. Padmanabhan, “Gravity and the thermodynamics of horizons,”
Phys.Rept. 406 (2005) 49–125, arXiv:gr-qc/0311036 [gr-qc].
[11] T. Padmanabhan, “Emergent Gravity Paradigm: Recent Progress,”
Mod. Phys. Lett. A30 no. 03n04, (2015) 1540007, arXiv:1410.6285 [gr-qc].
[12] T.Padmanabhan, Gravitation: Foundations and Frontiers. Cambridge University Press,
Cambridge, UK, 2010.
[13] T. Padmanabhan and D. Kothawala, “Lanczos-Lovelock models of gravity,”
Phys.Rept. 531 (2013) 115–171, arXiv:1302.2151 [gr-qc].
[14] T. Padmanabhan and A. Paranjape, “Entropy of null surfaces and dynamics of spacetime,”
Phys.Rev. D75 (2007) 064004, arXiv:gr-qc/0701003 [gr-qc].
[15] T. Padmanabhan, “Classical and quantum thermodynamics of horizons in spherically symmetric
space-times,” Class.Quant.Grav. 19 (2002) 5387–5408, arXiv:gr-qc/0204019 [gr-qc].
[16] T. Padmanabhan, “Dark energy and gravity,” Gen.Rel.Grav. 40 (2008) 529–564,
arXiv:0705.2533 [gr-qc].
[17] T. Padmanabhan, “Equipartition of energy in the horizon degrees of freedom and the emergence
of gravity,” Mod.Phys.Lett. A25 (2010) 1129–1136, arXiv:0912.3165 [gr-qc].
[18] T. Padmanabhan, “Surface Density of Spacetime Degrees of Freedom from Equipartition Law in
theories of Gravity,” Phys.Rev. D81 (2010) 124040, arXiv:1003.5665 [gr-qc].
[19] T. Padmanabhan, “General Relativity from a Thermodynamic Perspective,” Gen.Rel.Grav. 46
(2014) 1673, arXiv:1312.3253 [gr-qc].
[20] S. Chakraborty and T. Padmanabhan, “Evolution of Spacetime arises due to the departure from
Holographic Equipartition in all Lanczos-Lovelock Theories of Gravity,”
Phys.Rev. D90 no. 12, (2014) 124017, arXiv:1408.4679 [gr-qc].
[21] K. Parattu, B. R. Majhi, and T. Padmanabhan, “Structure of the gravitational action and its
relation with horizon thermodynamics and emergent gravity paradigm,”
Phys. Rev. D 87 (Jun, 2013) 124011, arXiv:gr-qc/1303.1535 [gr-qc].
http://link.aps.org/doi/10.1103/PhysRevD.87.124011.
[22] S. Chakraborty and T. Padmanabhan, “Geometrical variables with direct thermodynamic
significance in Lanczos-Lovelock gravity,” Phys.Rev. D90 no. 8, (2014) 084021,
arXiv:1408.4791 [gr-qc].
[23] T. Padmanabhan, “Lessons from Classical Gravity about the Quantum Structure of Spacetime,”
arXiv:1012.4476 [gr-qc].
[24] T. Padmanabhan, “Entropy density of spacetime and the Navier-Stokes fluid dynamics of null
surfaces,” Phys.Rev. D83 (2011) 044048, arXiv:1012.0119 [gr-qc].
44
[25] S. Kolekar and T. Padmanabhan, “Action principle for the Fluid-Gravity correspondence and
emergent gravity,” Phys.Rev. D85 (2012) 024004, arXiv:1109.5353 [gr-qc].
[26] T. Damour, “Quelques proprietes mecaniques, electromagnetiques, thermodynamiques et
quantiques des trous noirs (available at http://www.ihes.fr/damour/Articles/),” Th‘ese de
doctorat dEtat, Universite Paris 6 . (1979) . http://www.ihes.fr/damour/Articles/.
[27] T. Damour, “Surface effects in black hole physics,” Proceedings of the Second Marcel Grossmann
Meeting on General Relativity (1982) .
[28] R.-G. Cai and S. P. Kim, “First law of thermodynamics and Friedmann equations of
Friedmann-Robertson-Walker universe,” JHEP 0502 (2005) 050,
arXiv:hep-th/0501055 [hep-th].
[29] M. Akbar and R.-G. Cai, “Friedmann equations of FRW universe in scalar-tensor gravity, f(R)
gravity and first law of thermodynamics,” Phys.Lett. B635 (2006) 7–10,
arXiv:hep-th/0602156 [hep-th].
[30] D. Kothawala, S. Sarkar, and T. Padmanabhan, “Einstein’s equations as a thermodynamic
identity: The Cases of stationary axisymmetric horizons and evolving spherically symmetric
horizons,” Phys.Lett. B652 (2007) 338–342, arXiv:gr-qc/0701002 [gr-qc].
[31] A. Paranjape, S. Sarkar, and T. Padmanabhan, “Thermodynamic route to field equations in
Lancos-Lovelock gravity,” Phys.Rev. D74 (2006) 104015, arXiv:hep-th/0607240 [hep-th].
[32] D. Kothawala and T. Padmanabhan, “Thermodynamic structure of Lanczos-Lovelock field
equations from near-horizon symmetries,” Phys. Rev. D79 (2009) 104020,
arXiv:0904.0215 [gr-qc].
[33] S. Chakraborty, K. Parattu, and T. Padmanabhan, “Gravitational Field equations near an
Arbitrary Null Surface expressed as a Thermodynamic Identity,” arXiv:1505.05297 [gr-qc].
[34] S. Chakraborty, “Lanczos-Lovelock gravity from a thermodynamic perspective,”
arXiv:1505.07272 [gr-qc].
[35] T. Jacobson, “Thermodynamics of space-time: The Einstein equation of state,”
Phys.Rev.Lett. 75 (1995) 1260–1263, arXiv:gr-qc/9504004 [gr-qc].
[36] T. Padmanabhan, “Momentum density of spacetime and the gravitational dynamics,”
arXiv:1506.03814 [gr-qc].
[37] D. Lovelock, “The Einstein tensor and its generalizations,” J. Math. Phys. 12 (1971) 498–501.
[38] C. Lanczos, “Electricity as a natural property of Riemannian geometry,”
Rev. Mod. Phys. 39 (1932) 716–736.
[39] C. Lanczos, “A Remarkable property of the Riemann-Christoffel tensor in four dimensions,”
Annals Math. 39 (1938) 842–850.
[40] T. Padmanabhan, “Some aspects of field equations in generalised theories of gravity,”
Phys.Rev. D84 (2011) 124041, arXiv:1109.3846 [gr-qc].
45
[41] V. Moncrief and J. Isenberg, “Symmetries of cosmological cauchy horizons,”
Communications in Mathematical Physics 89 no. 3, (1983) 387–413.
http://dx.doi.org/10.1007/BF01214662.
[42] E. M. Morales, “On a Second Law of Black Hole Mechanics in a Higher Derivative Theory of
Gravity,” available at
http://www.theorie.physik.uni-goettingen.de/forschung/qft/theses/dipl/Morfa-Morales.pdf (2008)
.
[43] K. Parattu, S. Chakraborty, B. R. Majhi, and T. Padmanabhan, “Null Surfaces: Counter-term
for the Action Principle and the Characterization of the Gravitational Degrees of Freedom,”
arXiv:1501.01053 [gr-qc].
[44] S. A. Hayward, “Unified first law of black hole dynamics and relativistic thermodynamics,”
Class.Quant.Grav. 15 (1998) 3147–3162, arXiv:gr-qc/9710089 [gr-qc].
[45] D. Kothawala, “The thermodynamic structure of Einstein tensor,”
Phys.Rev. D83 (2011) 024026, arXiv:1010.2207 [gr-qc].
46
